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The implications of A/” = 1 superconformal symmetry for four dimensional quantum 
field theories are studied. Superconformal covariant expressions for two and three 
point functions of quasi-primary superfields of arbitrary spin are found and con¬ 
nected with the operator product expansion. The general formulae are specialised 
to cases involving a scalar superfield L, which contains global symmetry currents, 
and the supercurrent, which contains the energy momentum tensor, and the conse¬ 
quences of superconformal Ward identities are analysed. The three point function 
of L is shown to have unique completely antisymmetric or symmetric forms. In the 
latter case the superspace version of the axial anomaly equation is obtained. The 
three point function for the supercurrent is shown to have two linearly independent 
forms. A linear combination of the associated coefficients for the general expression 
is shown to be related to the scale of the supercurrent two point function through 
Ward identities. The coefficients are given for the two free field superconformal 
theories and are also connected with the parameters present in the supercurrent 
anomaly for supergravity backgrounds. Superconformal invariants, which are pos¬ 
sible even in three point functions, are discussed. 
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1. Introduction 


The very first paper in the western literatnre on snpersymmetry in fonr space- 
time dimensions in fact introduced the M = 1 superconformal group. Nevertheless, given 
the inevitable breakdown of conformal invariance in perturbative treatments of non triv¬ 
ial quantum held theories, most subsequent discussions of supersymmetric theories were 
concerned with theories invariant under just the restricted supersymmetry group which is 
the minimal extension of the Poincare group, whose elements are standard Lorentz and 
translation transformations, and for which there are no perturbative quantum anomalies. 
However in the last few years the work of Seiberg and others have shown that there 
should exist a host of non trivial superconformal held theories which in many cases can 
be identihed with renormalisation group hxed points where the /^-function vanishes. Just 
as two-dimensional conformal held theories have a very rich mathematical structure, with 
applications in string theories and statistical physics, it is now possible to hope for similar 
elegant exact results in the as yet relatively unexplored case of four dimension held theories. 
Virtually all the new results depend essentially on constraints imposed by supersymmetry 
and in consequence superconformal held theories are the most promising immediate can¬ 
didates for potential extension of some of the two-dimensional results for conformal held 
theories to higher dimensions. 

Although M = 2 and 4 superconformal theories in four space-time dimensions have 
considerable interest, and also remarkably there may also be possible superconformal held 
theories in hve and six dimensions, we here consider just the M = 1 case in four dimensions 
using standard superspace formalism. Some relevant results were obtained long ago |^,|[ 
and recently there has been extensive work by Howe and West |^, on which we attempt 
to build (although much of their discussion was concerned with A/” > 1). Furthermore 
Anselmi and co-workers have undertaken specihc calculations in A/” = 1 supersymmet¬ 
ric Yang Mills theory, exploring analogues in four-dimensional superconformal theories 
of the two-dimensional Virasoro central charge c. Here we extend previous results 
which give explicit forms for two and three point functions in conformal held theories for 
operators of arbitrary spin to the Af = 1 superconformal case. The resulting expressions 
determine the forms of the operator product expansions for quasi-primary operators and 
although essentially kinematic are, in our view, a necessary precursor to dynamical in¬ 
vestigations. We also analyse the supercurrent which contains the energy momentum 
tensor amongst its component helds, and its Ward identities which rehect superconformal 
invariance. One of the main concerns of this paper is to analyse in detail the two and 
three point functions of the supercurrent and their relation through Ward identities and 
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also their connection to anomalies present on cnrved snpergravity backgrounds. We also 
discuss possible superconformal invariants which can appear in the general expression for 
four-point functions. A similar analysis was described in |^] but the present discussion is 
perhaps more complete and differs in some details. 


In the next section we establish notation and review M = 1 superconformal transfor¬ 
mations on superspace in four space-time dimensions. We discuss primarily inhnitesimal 
superconformal transformations which are super-diffeomorphisms restricted by a natural 
condition playing a similar role to the conformal Killing equation for ordinary confor¬ 
mal transformations. We identify the associated Lie algebra with that for the supergroup 
5'/(4|l) with suitable reality conditions. From the discussion of the action of superconfor¬ 
mal transformations on superspace we construct variables which transform homogeneously 
and may be used in a simple construction of two and three point functions. Unlike the non 
supersymmetric case there is even a superconformal invariant for three points. In section 

3 we describe how quasi-primary superhelds may be dehned in general by a simple trans¬ 
formation rule, depending on the scale dimension and U{1) i?-symmetry charge, as well 
as its particular spin representation. We further show how derivatives of quasi-primary 
superhelds in particular special cases are also quasi-primary. Such results demonstrate the 
consistency of conservation conditions on the supercurrent with superconformal invariance 
and are important in the subsequent analysis. A corollary of these results is that the 
Bianchi identity for a A/” = 1 supersymmetric gauge theory is consistent with superconfor¬ 
mal invariance only if the scale dimension and i?-charge are those of the free abelian theory. 
We also describe, in terms of the results of section 2, general superconformal covariant con¬ 
structions for two and three point functions of quasi-primary superhelds. The result for 
the three point function depends on a homogeneous function on superspace coordinates 
which can be directly related to the leading coefficient of the term in the operator product 
expansion associated with the operators appearing in the three point function. In section 

4 we introduce the supercurrent by a variant of Noether’s construction which is used to 
hnd the corresponding Ward identities. In section 5 we consider hrst the application of 
the general formalism to the simple cases involving chiral scalar superhelds. After showing 
how conditions howing from the conservation equations may be imposed on the general 
form for the superheld three point function in section 6 we consider the three point func¬ 
tion for superhelds containing an internal symmetry current. We discuss the associated 
Ward identities and also the anomalies which are supersymmetric extension of the usual 
axial current anomaly. In section 7 we consider the supercurrent and obtain results for the 
three point functions involving two supercurrents and a scalar superheld and also three 
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supercurrents. For the latter case we show that there are two possible linearly independent 
forms although one linear combination is shown to be related to the coefficient of the two 
point function through a Ward Identity. In section 8 general results are then restricted 
to the case of free fields which give two different trivial superconformal theories in four 
dimensions. In section 9 we show how superconformal invariance allows for the evaluation 
of integrals, generalising old results in the non supersymmetric case, and in section 10 we 
discuss possible superconformal invariants that may be present in higher point correlation 
functions which include generalisations of the usual invariant cross ratios as well as the 
Grassmann valued invariants present for just three points. Finally in a conclusion we relate 
the coefficients which are present in the general supercurrent three point f un ction to the 
coefficients c, a appearing in the supergravity extension of the energy momentum tensor 
trace for a curved space background. Both c, a are possible generalisations of the Virasoro 
central charge to four dimensional superconformal theories. An appendix contains some 
details concerning the transformation properties of the supercurrent in free theories. 


2. Superconformal Transformations 


The conformal group is defined by the intersection of the group of difieomorphisms 
with local rescalings of the metric. The superconformal group can be obtained in a variety 
of equivalent ways but here we consider it as a reduction of those super-difieomorphisms 
which leave the chiral subspaces of superspace invariant. With standard superspace coor¬ 
dinates = (x“, 0^,6a) G the chiral restrictions are given by 

= z^- ^ , xl^x‘^±i9a‘^9, ( 2 . 1 ) 

so that = 0, DolZ- — 0.0 For a general difieomorphism preserving the chiral 

decomposition of superspace we may write 


5r = A“(z+), 59^ = \^{z-). 


( 2 . 2 ) 


^ We use the notation of Wess and Bagger |11], with minor emendations, thus 0“, 0“ are 
regarded as row, column vectors and we let 6a = ^ap6^, 6a = ta$6^ form associated column, row 
vectors, 6^ = 66, 6^ = 66, as usual 4-vectors are identified with 2 x 2-matrices using the hermitian 
(j-matrices aa, da, = -rjabl, x°‘ = X°‘{cTa)aa, x““ = x“((7a)““ = e“^e“^x/3/3, with 

inverse Hence o gives x± = X ± 2i66, x± = x ^ 2i66. The associated spinor 

derivatives satisfy {Da, Da} = — 2 i{a°'da)aa- 
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The corresponding differential generators acting in chiral superfields are 


/:+ = , 


(2.3) 


where 


h^{z) = n“(z+) - 2iA(z+)a“6', = h“(z_) + 2z6»a“A(z_). 


(2.4) 


Alternatively we may define C± by the requirements [Da-,C,j^] = 0, [£>„,£_] = 0 which, 
assuming just the form (|2.3| ), leads to 


Dih’’=-2i (Aff*)* , 23iA4 = 0, Dah’’= 2! (cr'’A)„ , D^\^ = 0, 


(2.5) 


which are easily seen to be solved by (|2.4|) . A, A are thus determined in terms of h, h with 


the remaining constraints on h, /i which follow from ( p.5|) may be written as 


I)(“h^)d = 0, 


— 0 . 


( 2 . 6 ) 


We here define infinitesimal superconformal transformations as those diffeomorphisms 
of the form (|2.2|) where with ( p.4|) we havJ 


/i“ = , 


(2.7) 


With this restriction it is easy to see from ( p.5|) that 


8ahb + di,K^2pr]^, p = A(D„A“ + B“Ai), 


( 2 . 8 ) 


which is just the standard conformal Killing equation. The solution of ( ^.8| ) is well known 
and for dimensions d > 2 gives the standard result for an infinitesimal conformal transfor¬ 
mation in terms of a translation a“, rotation special conformal transformation 

6“ and scale parameter A. In the present case the solution becomes [^, with X = k + R,, 


n“(y, 6^) = a“ -I- ^ + {k + K)y“ - 2y°‘y-h + 2i 9a°‘e - 2 , 

A“(y, e) = e^- + Ke^ + (0by)“ - iifjfr + 2^9^ , c^/3“ = -luj‘^\cradb)p^ , 

v°-{y, 0) = a“ -I- + {k + R)y°- + h°'y‘^ - 2y°‘y-b - 2iea°'0 - 2f)ya°'6, 

X^{y, e) = r+ + k r + (yb 0 )“ + i{yrjf + 2^“^" , = -lu^^daCJbf^ , 


(2.9) 


^ Alternatively (2.6) with h = h can be regarded as the superconformal Killing equations, 
they were obtained previously by Conlong and West iQ . 
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Superconformal transformations are parameterised additionally by the snpertranslations 
e“, e“ and an extra Grassmann spinor ija, fj^ (in onr notational conventions 77 “ = 

as well as, if k = |(A + ia), k — |(A — ia) the angle a which 
corresponds to the U{1) i?-symmetry acting on 6, 9. 

The action of inhnitesimal snperconformal transformations on helds defined on snper- 
space is then generated by 

C = h^da + A“D« + . (2.10) 


From (f2.5|) it is easy to see that 

[D^, C] = {D^\<^)Dp , C] = CD%)b^ . (2.11) 

Writing the snperspace exterior derivative d = dz'^dA — which reqnires 


e“ = da;“ + , 


( 2 . 12 ) 


then if [£, Da\ = —Ra^Db the associated variation of one-forms is given by 5e^ — Rb^- 
The results in ( |2.11|) imply that for superconformal transformations Rj^ = R£ = 0 and 
that in this case the variation of e“ is homogeneous 


5e“ = , 

since Ra = dah^■ Using (|2.8|) for = e“ea therefore, 


5e^ = 2pe^. 


(2.13) 


(2.14) 


The invariance of the square of the snperspace interval, with e“ given by ( 2.12 ), up to a 
local rescaling can be regarded as an alternative basic characterisation of superconformal 
transformations. 

Besides transformations connected to the identity it is natural to extend the super¬ 
conformal group by inversions z —> z' where ||13|| , 


x'_ = —x_|_ , 9' = —zx_|_ ^9, 9' = i9x- , ^ = —x_ , 


(2.15) 


with x± ^ — —x±/x±^. From (|2.12|) it is straightforward to hnd, as in (p.l4|) , that is 
invariant up to a rescaling, 

^2 


e' = x_|_ ^ex_ ^ 


e'2 = 


X+'^X-'^ 


(2.16) 
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It is easy to verify from (|2.15|) that inversions are idempotent, {z')' — z. 


The Lie algebra of the differential generators £, given by (|2.10|) , is easily calcnlated 


C = [€2X1]. 


(2.17) 


so that, for instance, 

h'^' = [^2, hi]“ + 2z(A2cr^Ai — Aia“A2) ■ (2-18) 


It is straightforward to check that h' = h',X', X' satisfy ( |2.5|) . The superconformal algebra 
may be identihed with that of snpermatrices, in terms of the parameters in ( p.9|) . 


/ u — ^{k, + 2k,)1 

—ih 

2rj \ 


M = 1 —fa 

UJ “h ^(2/^ 1 

26- 

(2.19) 

V 26 

2fj 



since (|2.17|) corresponds exactly to 




M' 

= [Mi,M2]. 


(2.20) 


It is easy to see that strM = 0 so that M belongs to Lie algebra s/(4|l) which is restricted 
to s'u(2, 2|1) by the reality condition, 

/O 1 0 \ 

M = -BM^B, S= 1 0 0 . (2.21) 

Vo 0 -ij 


The non-linear realisation of the superconformal group on superspace may be re¬ 
covered by regarding z = {x,9,9) as coordinates on the coset 5'17(2,2|l)/G'o, where 
Go € SU{2, 2\1) is the stability group of the point z = 0 under superconformal trans¬ 
formations, generated by matrices Mq of the same form as in (|2.19|) with a — e — e = O.il 
To describe the coset explicitly it is convenient to dehne 


/ 1 


/ 

V{z) = -ix+ 

29 , 

V{z) = Viz^B = 

\ 29 

1 / 

\ 


ix_ 1 —29 

29 0 -1 


( 2 . 22 ) 


which are constrained by V{z)V{z) ~ (^q ly ^ given by (|2.19| ) the associated 
dx±, 59, 59 as given by (|2.2|) are then obtained by 

MV{z) = V{5z) + V{z)n{z ), V{5z) = CV{z ), 

-V{z)M = V{5z) + 'H{z)V{z ), V{5z) = £V(z ), 


(2.23) 


^ For a general review of such constructions see |14]. 
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n = 


(2.24) 


if 7^, 7Y are matrices of the form 

u — al T \ 'u — ( ^ 1 0 

0 2((t — a) y ’ Y f —2((t — a) 

which are determined by requiring the structure of V, V in (|2.22| ) to be preserved. The 
elements of Ti, are given by 

DaX^ ~ — Cja^ + 5a^(2a 


a), + r;3(2a-d), cD„“=(b“a = 0, 


Tn 


Dc^ct ^]D Tq/ , Dfj^cr 

or explicitly, independent of a, e, e, 

= LOa^ + ^(x+b - bx+)c^^ + ArjaO^ + 25„^ , 

a(z+) = X(^K + 2R) + 2 6ri - b-x+ , fa{z+) = 2(77 + i6h), 
w“y( 2 ;_) = + i(x_b - bx_)“^ - 4 ^“ 77/3 - 25“^ 77 ^, 


(2.25) 


(2.26) 


(t(.2_) = + k) + 2 776* — b-X- , Tq,( 2;_) = 2(77 — zb6')Q,. 


It is easy to check that MoV(O) = V(0)7i(0), 7i(0)V(0) = — V(0)Mo. For general z the im¬ 
portant result that cD, a depend only on 2 ;_(_ follows directly from (|2.5|) by using D^DaX^ — 
ScPDaDpX^ which from ( p.25|) gives DaUJa^ = Do,a = 0, and similarly for the dependence 
of 0,a on z_. We may also note that str7-t(z) = —2(t(z_), str7i(z) = —2a{z+). From 
(U) we hnd 

p = a-fd, (2.27) 


and using (|2.5D 

cD = , u = Xd^'^h^^aaCTb . 

By using ( pT7|) and in (IT^ ) we may hnd 

TsTti - TiTts + [Tti, Tts] = 77' , 
TsTti - A772 - [77i, 772 ] =77' . 


(2.28) 


(2.29) 


It is straightforward to rewrite (|2.23|) for the non inhnitesimal case. The element of the 
superconformal group formed by exponentiating M corresponds to a hnite superconformal 
transformation z —»• z' given by 

e^V{z) = V{z')g{z) V{z)e-^ = giz)Viz) , (2.30) 

where g{z), Qi^z) are matrices of the same form as 77 , 77 in (p.24|), with the group property 


,Mi 


= ^2 


that if 2 ; ^> z' -—»• z" and , so that z z", then ^ 2 (^')^i(^) = G{z) 

while Gi{z)g 2 {z') = G{z). The action of hnite conformal transformations on coordinates 


x“ e 


p4 ; 


is globally well dehned on a compactihcation of Minkowski space. 


^ X ^1, 

or some multiple coverinj^ and similar considerations apply in the superconformal case 


For a discussion of some global issues see [15|. 


7 
















when the transformations act on SU{2, 2\1)/Gq. However such issues are not relevant for 
the considerations of this paper. 


The usefulness of the coset construction becomes manifest if we consider 

-2e^ 


V{z,)V{z2) = - 


ZXJ2 -ZVi2 
12 —1 


(2.31) 


where 


Xi2 — xi_ — X 2 - 1 - + 4z ^1^2 5 ^12 — — 62 ^ O 12 — 9i — 62 ■ (2.32) 

The expression (p.31|) is a function of the supertranslation invariant interval given by 

fol = {^ 12 ^ ^ 12 , ^I 2 a), yi2 = XI-X 2 - i9ia02 + i92(j9i = -y 2 i , (2.33) 


since X 12 = yi 2 — i9i2(j9i2- From ( p.23|) ( p.31|) transforms according to 5(y{zi)V{z2)^ = 
—'H{zi)V{zi)V{z 2 ) — V{zi)V{z 2 )'H{z 2 ) and using the form for H, H given in ( p.24|) this 
gives 

5xj2 = {^{^ 1 -) + d(2;i_)l)xj2 +Xi 2 (-w(^ 2 +) +(j{z 2 +)l) , (2.34) 

as well as 


S9i2 = 9i2{- 9j(z2+) + a{z 2 +)l) +2[a{zi-) - a{zi+))9i2 - liT{zi+)xi 2 , 

5^12 = (^(^1-) +a{zi-)l)9i2 - 2{a{z2-) - (t(z2+))9i2 + |zxj2r(z2-) ■ 


(2.35) 


Combining this result for 5^12 with (p.34|) gives a simpler expression for the variation in 
the form 


S{9i2Xi2 ^) = (6'i2Xj 2 ^)( - w(^i-) + ct(2i+) 1 - 2cr(2i_)l) - lir(zi+), 
and similarly from the result (|2.35|) for S9i2 with 1 2 

5(x2r^^i2) = {- l9{zi+) + a{zi+)l - 2a{zi-)l) {x2i~^9i2) - lzr(zi_). 
If we let 

(X2l)ad = -ea/3ed/i(xi2)^^ , X 2 I = X 2 + - Xi_ + 4i 9201 , 
then the inverse of xj 2 is given explicitly by 

1 


XI 2 


-1 


^12 


2 ^2l : 


(2.36) 

(2.37) 

(2.38) 

(2.39) 


since XJ 2 X 21 = 2 ^ 12 ^ 1- It is also useful to note that from (^.34|) 


5X21 = {(^{Z2+) + a{z2+)l)x2i +X2l{- Lo{zi-) + a(zi-)l) . 


(2.40) 

















Under inversions as in (2.15) then with (2.32) and (2.38) 


XJ2 -* Xi+ ^Xi2X2_ ^ 


(2.41) 


For two points in snperspace - 21,-22 then xj 2 = xj 2 “da, dehned in ( p.32|) snch that it 
depends just on zi- and Z 2 + and satishes xj 2 ^ = —xgi, or equivalently X 21 , play a crucial 
role in the subsequent construction of superconformally covariant two and higher point 
amplitudes as a consequence of their homogeneous transformation properties in (|2.34|) or 
( p.40|) . Given the result (|2.31|) we may also dehne a scalar by 


sdetV(zi)V(z2) = -{xi2 + 2i6i2(j6i2f‘ = -^ 21 ^ • 

Under a hnite transformation -2 —*• z' as in (| 2 . 3 CI|) we may hnd directly 

n(z_) sdet ^(z), n(-2+) = sdet . 


(2.42) 


/ 2 
X 21 


-r- 2 
>^21 


0 ( 2 ; 2 -)f^(U + ) ’ 


(2.43) 


In constructing conformally covariant two point functions both X 12 and 0 : 21 , which are 
related by 2)1 Z 2 , are necessary. A symmetric scalar is given by, with yi 2 dehned in 


(S), 


^ 12 ^^ 21 ^= ( 1 / 12 ^ + 


(2.44) 


For three points ^i, ^ 2 , 2)3 we may dehne 4-vectors Xi“, by 

X12X23X3J ^ Xi 3 X 32 X 2 i 


Xi = 


^21 ^13 


Xi = 


r<n — 2 rtft — 2 

X 31 Xi2 


= Xit, 


(2.45) 


SO that Xi transforms homogeneously at zi according to 


5X1 = (cD(zi+) - cr(zi+)l)Xi + Xi( - u(zi-) - a(zi-)l) , 


(2.46) 


and similarly for Xi. To achieve analogous results for the Grassmann variables we consider 


01 = z 


3^21 


■Xi 26 'ii 


XisOls) , 01 = if 6 'i2X2I 

/ V ^12 


-r- 2 


-r- 2 

^13 


0i3^3lj , (2.47) 


since then the inhomogeneous terms involving r, r in (|2.36|) and (|2.37|) cancel and 0i“, 0i“ 
transform homogeneously as chiral, anti-chiral spinors at zi, 


50 ^ = 0 i( - Cj{zi+) + a{zij^)l - 2 a{zi-)l) , 
501 = (( 5 (- 2 i_) + a{zi-)l - 2cr(2i+)l)0i . 


(2.48) 
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Using formulae such as 


(2.49) 


X23 = X21 + XT 3 + 4 z 9i20 


^21 1" ^13 


12C'13 5 


we may find the relation 

Xi -Xi = 4z0i§i , 

and for future reference we may note 


= 


^23 


— 2 — 2 
^21 ^13 


Xi 2 = 


X 


32 


— 2 — 2 
^31 ^12 


(2.50) 


(2.51) 


With obvious cyclic permutation of indices in (|2.45|) and (|2.47|) we may similarly 
dehne X 2 ,X 2 , 02,02 and X 3 ,X 3 , 03,03 which transform homogeneously at Z 2 and Z 3 
respectively. It is easy to see that 


and 


^12 


X2iXiXj^2 ~ 


1 


- 2 ^2 5 

X 2 " 

X 2 iXiXi ^2 — „ 2 ^2 5 

X 2 

(2.52) 

■X202, 

2 ^ 1^12 - ^ 2 ^ 2 X 2 , 

^12 A 2 

(2.53) 


^21 A 2 

with similar results giving X 3 ,X 3 , 03 , © 3 . From ( p.53|) we have 


2\2 2 

0,2= I ^3^0,2 

2^12 / 2:31 


2\2 2 

0,2= (£141 £240,2 


X 21 ^J Xl3^ 


(2.54) 


A straightforward check on (|2.52|) and ( p.53|) are that the conformal transformation prop¬ 
erties of both sides are consistent. From (p.52|) 


Xi" 




X .2 


2 2 ’ 
A 2 A 3 


and from (|2.46|) this is a superconformal invariant. Under Z 2 
X 2 <-->■ —X 3 , so that 


1 = 


Xi^ Xi^ 

— O I 


Xi^ Xi^ 


-1 = 4 


0 l 20 i 2 


X 


2 ’ 


(2.55) 

Z3, Xi —Xi, while 

(2.56) 


using ( p.50|) , is a completely symmetric superconformal invariant.! We may also construct 
an invariant which is completely antisymmetric by 


Xi^ 


J= i ^ - 


Xi^ Xi^ 


= -2z0i 


Xi 


+ 


Xi 


1 \ ^ 


Xi^ Xi^ 


0 


1 ■ 


(2.57) 


Such invariants, depending only on three points ^i, 42 , ^ 3 , do not exist with ordinary con¬ 
formal symmetry, it is immediately evident from ( p.56|) and (|2.57|) that = 2/, = 0. 


® This invariant was fonnd by Park |1C]. 
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3. Superfield Transformations 


A quasi-primary superfield 0^(z), with i denoting vector or spinor indices, is here 
dehned by requiring that it forms a representation under superconformal transformations 
induced from a hnite dimension irreducible representation of Go- Under an inhnitesimal 
superconformal transformation, as described in the previous section, 

SO^(z) = -CO\z) + \d‘^h\z){sab)\'0^'{z) -2qa{z+)0\z) -2qa{z-)0\z), (3.1) 


where Sab — —Sba are the generators of 0(3,1), or the associated spin group, for the 
representation (j, J), 2j, 2j = 0,1, 2,..., dehned by O^, and q, q are parameters such that 
q + q is the scale dimension and 3{q — q) is the U{1) /^-symmetry charge of the held O*. 
Thus the superheld representation may be labelled (j, J, q, q). Using (|2.28|) we may write 

id“h^(2;) Sab = 5/?“ + w“/3(^-) , (3.2) 

where s, s, = s“a, = 0, act on undotted, dotted spinor indices and form spin j, j 
representations of the algebra. 


, [s“/3, s'^ 5 ] = (^“,5 S^/3 - 5^/3 = 0 , (3.3) 


which leads to [^d°‘h\ Sab, ^d'^h^Scd] = [^i, ^ 2 ) 0 ^ S/j" -|- [ui,u) 2 ]^0 a- Using this and 
( ^.29|) it is straightforward to check that the form ( b.l|) is consistent with the algebra in 
( p.lTp , [ 5 i,h 2]0 = —5'0. If the held is chiral, depending only on z_|_, then there must be 
no terms in ( ^T|) corresponding to u), so that only (j, 0 ) representations, when 0 '^{z) 
Oai...a 2 ji^+) totally symmetric in {ai .. ■ 0 ( 2 j}, are possible, or to a which requires q = 0. 
For such chiral superhelds, for which the representation may therefore be denoted {j, q) + , 
and also anti-chiral superhelds, labelled by (j, q)-, the scale dimension is therefore related 
to the i?-charge 0 , 0 . 


The held transformation dehned by (|3.1|) in general dehnes an irreducible representa¬ 
tion. However for particular [j, j, q, q) the superheld representation is reducible since then 
suitable derivatives also transform as quasi-primary helds [jT^. These cases are physically 
signihcant in application to superconformal covariant conservation equations. As an illus¬ 
tration which is relevant subsequently we may consider a J = 0 representation for which 


(pT|) becomes 


5cj), 


Ctl . ••Oi2j 




a 1... a 2 J 


+ - {2qa+ 2qa)(j), 


ai ...a2j • 


(3.4) 
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From (|2.11j) we have 


(3.5) 


[Da, C] = -uial^Dp + (2a -a)Da, 

and using 

D^Cba^ = —25^^DaCr + 5j^D^a , (3-6) 

we may find 

D 0(3(1) Oil ...012 j ^{Doi4^ai...a2j ) “I” ifi(ai^-^|Q|^a2...a2j)/3 3” 3boi^Dp(j) ai...oi2j 

- {{2q - l)a + 2{q + l)a)Da(t)ai...oi 2 j (3-7) 

4j D (^otif^ 4^a.2---OL2j)ci 4” ^0” Q) 77q;(T (j)oii...a.2j ■ 

From (|3.71) we may easily see, by requiring cancellation of the Daa terms, that 

D (j)oii...OL 2 j-ia 1 . . -r / 9 ~ J 4“ 1 ; (Q Q\ 

> are quasi-primary it < . (3.o) 

D(^ct(Pai...a.2j) J I ^ 7 ■ 

The conditions in (|3.8|) for D derivatives to be quasi-primary in fact apply, without any 
modification of the argument since Da = Du = 0, to any J > 0 representation. Hence in 
general the derivatives defined in (|3.8|) give 

(i, J, i + 1, ?) —' (i - J, i + 9 + 1), (3.9a) 

U, j, -j, q) —^ (i + i J, -j - i 9 + 1), (3.96) 


and the kernels of these maps are invariant subspaces of the superfield representation 
spaces for these cases, if j =0 in (|3.9t| ) the kernel is just the space of (j, g)- anti-chiral 
superfields. Such results also obviously apply for D derivatives if q = j + l or q = —j. 
Similar arguments show that D^O^ is quasi-primary only for (0, j, 1, q) representations, as 
expected since D^O^ is an anti-chiral {j,q + 2 )- superfield, and conversely for D^O^ if 

J=0, ? = l.i 


The representation defined by (O) is unitary and has positive energy when q, q 
real with the following restrictions [H], 


J,j >0 q>j + l,q>3+f\ 

j = q = Q,q>i+l- J=g = 0,Q>j + l; (3.10) 

j =j=q = q = Q. 


® In the invariant subspaces defined by the kernel of were considered, in these papers 
a representation of the superconformal generators acting on superfields based on the little group 
generated by matrices M in ( p.l9| ) with a = e = 77 = Ois considered. This is related to the 
representation here by a Fourier transform with respect to 9. 
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The results ( p.8|) are relevant when derivative constraints are imposed on superhelds 
if they are to be superconformal covariant. For the vector supercurrent Ta{z) —> Taa{z) 
then 


r)°‘^ . — n«T . — n 


(3,11) 


is superconformally covariant as a consequence of ( |3.9a|) and its conjugate only for T be¬ 
longing to the (|, |, |) representation. Similarly for the scalar superheld L{z) containing 

a current amongst its components the supersymmetric conservation equations 


D‘^L = D^L = 0, 


(3.12) 


require L to belong to the (0,0,1,1) representation. We may also note that for chiral, 
anti-chiral spinor superhelds W^, Wa then 




(3.13) 


is consistent with superconformal invariance only if W, W belong to(i,|)_|_, (i,|)_ repre¬ 
sentations respectively (from ( p.9a|) both sides of ( p.l3|) are then (0, 0, 2, 2) superhelds). Eq. 


( b.l3|) is just the Bianchi identity for abelian supergauge theories so this result shows that 
it can be maintained at a superconformal point only if the scale dimensions of bF, W remain 
equal to their free held values. In consequence a non trivial superconformal gauge theory 
must violate the Bianchi identity which requires there to be both massless magnetically 
and electrically charged helds 0-0 


Using (|3.11|) and the conditions ( |2.6|) and ( p77|) we may dehne a scalar superheld 


T — Uaarp 

aa 5 


(3.14) 


which satishes the conservation equations (|3.12| ). Under a superconformal transformation 
we have 

= ^2^5iTeta — + 2(71 -|- 2d'i)L^^ — , (3.15) 


where h' is as in (|2.18|). 


^ Similar results hold in any dimension for purely bosonic gauge helds. If Fab is the held 
strength, with scale dimension tj, and which is supposed to transform under conformal transforma¬ 
tions according to 6Fab = -{h-d + r]p)Fab + Ci)a‘'Fcb + Cbb‘'Fac where dahb = rjabp-oJab, ^ab = -^ba, 
then d[e5F„b] = -{h-d+ {p + l)p)d^aFab] + -t Wa'^dpUib] -f a)b‘^dpF„d] -t 2{p - 2 ) 6 pF„b]. 

The inhomogeneous terms in the transformation of the Bianchi identity d[c.Fab\ = 0, involving the 
parameter b for special conformal transformations, vanish only if 77 = 2 which is the free held case. 
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An expression for the superfield L which trivially satisfies the conservation equations 
in ( p.l2|) is given by 

L = b^F^, D^F^=0, (3.16) 

and for this to be superconformally covariant F^ must be a (i, |)_t_ chiral superfield. 


To construct an expression for the supercurrent T in which the conservation equa¬ 
tions (|3.11|) are identically satisfied we consider a (|, g)-!- chiral superfield which 

transforms as 

^ _£C'«/37 - - 2qaC^^^ , (3.17) 


and using (|3.5|) and 

[daa, c] = ado^p + (a + d-)9«d + i{DaaD^ + D^aDo) , (3.18) 


we may find 

Dpdj^SC^f^'^ = - C{Dpd^6.C^I^^) - Dpd^ocC^'!^^ - Dpd^pC^^^^b 

- {2qa + 3a)Dpdj^C^^'f + (3 - 2q){Dpa - DpC^^^hj^) . 

(3.19) 

In consequence Dpd-yaC^"^^ is quasi-primary if g = | and it is easy to see that 

= eo^a'Dpd^^C^'^^ , = 0, (3.20) 


then gives an expression for the supercurrent which satisfies ( 3.11|) identically, and also 
has the correct superconformal representation (|, |, |, |) for T. Such 3- (25 2 ) + superfield 
falls outside the restrictions given in (|3.10|) so (7“^'*' cannot exist in a unitary theory but 
the representation (|3.20|) is important in various cases subsequently. 


For any quasi-primary superfield general constructions for two and three point func¬ 
tions, consistent with superconformal invariance, are possible using the results of section 2. 
For a superfield O* we also consider its conjugate O* when {j, j, q, q) (J, j, q, q). To define 
the two-point function for superfields at zi, Z 2 we introduce X 12 ) which transforms 

as a bilocal invariant tensor for the corresponding superfield representations at zi, Z 2 with 

q = q = 0, 

[Czi + {x 12, XI2) 

. / / . 3.21 

- ld^h\zi){Sab)bP \x^2,Xl2)+P^ {x^2.Xl2){Sab)bld^h\z2) = 0 , 

with Sab = —Sab^ the generators of the conjugate representation. With gn', group 
invariant tensors for these representations then we may also define 

hi{x 2 i, X21) = gwgu'P * ( 3 ^ 12 , 2 : 12 ), ( 3 . 22 ) 
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and the normalisation of /, I is fixed by reqniring 

^ 12 )^ 1 '(^21: ^2l) = (3^21; ^21 (^12 5 ^ 12 ) = ■ (3.23) 


For the fnndamental spinor representation then from ( p.40|) and ( p.38|) expressions satis¬ 
fying ( b.21|) and also (|3.22|) may be obtained which depend jnst on Xi 2 — — 2 ^ 21 , 


laa (^ 12 ) — ^ 


. (Xl 2 )c 






■ (X 21 )' 




(3.24) 


while for general representations explicit resnlts are easily obtained by rednction of tensor 
prodncts. Thns for 4-vectors, when ga/^gii/ gab^ 


Iab{^12T ^ 12 ) ^ Iba{x21j X 21 ) — 


tr(aaXl 2 (T 6 X 2 i) tr(aa X12 CTfo X21) 






(3.25) 


Here the denominator may be simplihed by use of (|2.44|) . 

With the dehnitions (|3.25|) and (p.24|) we may rewrite the transformations (|2.52| ) and 


(|;5|) as 

Iab{x2l, X2l)X^ = 

and 


{X2^X2^X-,2^X2,^^~^ 


- X2i , x^ = UiX, X)X^ = -( ^Yw„ , (3.26) 

) 2 V A / 


/ad(a; 2 l) 0 l“ = 


ei“/ad(Xi 2 ) = 


^ 12 ^ 1 


02 ^, eJ = /od (^)0 


- 2 


X 2 J ^21 

3^21^ A" 1 


(W 2 ) 


(X 0 )a , 


(3.27) 


■y 2 I rp- 2 

A 2 / ^12 


02 i , 0 / = 0 “/ad(-X) = ( 0 X)^ . 

{X^)2 


From (|2.45|) we may also obtain 


-^1112 (^12: ^12)-^*^*^ (3^23; ^23) -^1311 (^31; ^31) “ -^iin (Xl, Xi) . 


(3.28) 


The signihcance of /, / becomes more apparent on considering the transformation of 
superhelds under inversions, for which 2 ; — z' as in (|2.15|), when we require 


0\z) —. 0'\z) = /-(-x'_, -xV) a(z'), 


x' 


0,{z) 0',{z) = ,,, 4(-x'+, -x'-) 0\z '). 


(3.29) 


X'_|_^'3' x', ^'3' 
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Since all superconformal transformations can be generated by combining inversions with 
ordinary snpersymmetry the transformations in ( 3.29|) are snfhcient to obtain any snperheld 
superconformal transformation. As a consequence of ( p.23|) /**(—x_, —a:_|_) = 
5^/ and using (|2.15|) x'^ — —Xzs^jx^ it is easy to verify from (|3.29|) that two inversions leave 
the superhelds invariant. In the purely bosonic case /af,(xi 2 , a:j 2 ) reduces to the inversion 
tensor rjab — 2 xi 2 aXi 2 b/xi‘^ which played a crucial role in the discussion of conformal 
invariance in arbitrary dimensions 


A general superconformal covariant expression for the two point function of the su- 
perheld O and its conjugate O is given in terms of / by 


{0\zi)0\z2)) = Co 


P^{Xi 2 , X12) 

Xl2^^X2l^1 


(3.30) 


with Co an overall normalisation constant. In the denominator of (|3.3U|) , and in other 
expressions subsequently, the singular behaviour at xi 2 -,X 2 i = 0 has be modihed in ac¬ 
cord with the standard lore of quantum held theory, thus for a product of held operators 
4>{x)4>{C) the singular functions should depend on -|- iex^ while for time ordered prod¬ 
ucts on -t- ie. However in ( p.30|) and subsequently we leave such resolutions of light cone 
singularities implicit. The conditions (|3.1CI|) are necessary and sufficient for (|3.30|) to be 
expressible in terms of a sum over intermediate states of positive norm, as in any unitary 
theory. 

For the three point function we may write a general form as 


{0\^{z,)0l-{z2)0l^{z^)) = 


(xi 3 , {x23^ X 23 ) 

Xis^^^ X23^^2 


A,,/3(X3,03,03), (3.31) 


where A 3 , 03 , ©3 are dehned by appropriate modihcation of (|2.45|) and ( p.47|) , and Ii, I 2 are 
the bilocal tensors introduced above for the representations dehned by the quasi-primary 
superhelds 0 i, 02 - The expression ( |3.31|) automatically has the correct transformation 
properties at zi^ Z 2 and also at Z 3 if has the homogeneity properties 


(AAA, A0, A0) = A'“A2“ e) ^ 


(3.32) 


where 

a-2a = qi +q 2 - q3, a - 2a = qi + q 2 - qz 
Since 0, 0 are two-component Grassmann spinors we must have 


(3.33) 


2(a-a) = |E.(9z-9z) =0,±1,±2, 


(3.34) 
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and if a = d we may equivalently write, as a consequence of ( p.50|) , ^)- Otherwise 

{X, 0 , 0 ) is required to transform according to the appropriate spin representations 
when X, 0, 0 transform inhnitesimally as 5X = wX — Xw, 50 = —0^, 50 = c50. 


Using (|3.26|) , (p.27|) , for 2 —> 1,1 —> 3, and (|3.32| ) we may use the invariance properties 


of O, 0 ) to obtain the transformation formula 


(Xis, (3^13: ^13)-^3r3i3 ^13) ("^3; O3, 03) 


2{a—2a) 2{a — 2a) 

^13 ^31 

2 q. 2 ct 
Ai Ai 




(3.35) 


f , 0 ^ 00 = (X, X)ir^ (X, x)/ 3 , 3.3 (-X, -X) (X, 0 , 0 ), 


with X^, 0'^, 0^ dehned in (|3.26| ) and ( p.27| ). This result, with the aid of (|3.28|) and (|3.23| ), 
allows us to rewrite ( p.31| ) in the equivalent form 

(Or0i)O20^2)O-(.3)) = Or, 0r), (3.36) 


where 


fU2.3Ao,o) = 


1 


X 


2(a+g2) ^2(a+g2) 




(3.37) 


It is clearly possible to obtain a third representation in which we have a function 
U 3 * 2 i 3 (X 2 , 02 , 02 )- It is straightforward to verify that the result (|3.36|) satishes the equiv¬ 
alent homogeneity properties to (|3.32|) and ( p.33|) . 

The relevance of these results becomes more apparent if we consider the short distance 
limit z\ —> 22 - In this limit it is easy to see that 


X/ ~ 


1 


- ^12 , ©1 


1 


— 9i2 , 01 


1 


^ (X 2 i 0 ^ ^ (^ 12 ^ 


— ^12 ■ 


(3.38) 


Using these limiting expressions in (p.36|) with ( 3.37 ), and applying the homogeneity rela¬ 
tion ( 3.32|) once more, the leading behaviour has the form 


(O}'(zi) 02 "(^ 2 ) 03 ® ( 23 )) ~ I' 3 ^*®(a: 3 T. a; 3 i)f 1*^3 (x 2 i, 6 ' 2 i, 6 ' 2 i) for ~ ^2 . (3.39) 


Given the result (|3.30|) for the two point function we may therefore obtain for the contri¬ 
bution to the operator product expansion of Oi, O 2 involving O 3 , 


or(^i)o*^(^2) 


1 


Go, 


?^*^3(X2I,I21,^~21)0*^(^2). 


(3.40) 
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This demonstrates how in the operator product expansion of two quasi-primary helds the 
most singular coefficient in the expansion involving a third operator, without any deriva¬ 
tives acting on it, determines completely the corresponding superconformally covariant 
three point function. 


In the rest of this paper we apply the general results to various particular cases, mainly 
involving the supercurrent. It is important to recognise that the representations ( p.l 6 |) and 
( p.20|) may be used to provide alternative less singular forms. For the superheld L, which 
contains a conserved current, then the general formula (|3.3CI| ) gives simply 

1 


{L{zi)L{z2))=Cl 


— 2 /-v* — 2 

X 21 X 12 


(3.41) 


Making use of (|3.16D an expression which satishes (|3.12D identically and reduces to (|3.41J ) 
for zi 7 ^ Z 2 is then 


{L{zi)L{z2)) = \CLD2"D^a 


OA 




X 12 + = Xi+ - X 2 + . 


(3.42) 


In a similar fashion the general form for the two point function of the supercurrent is from 

0)1 


{Ta{zi)n{z2 )) = Ct 

and with the aid of 


Iab{Xi 2 , 3 ^ 12 ) 


or 


V >^21 -^12 ) 

this can be rewritten as 


{Taa{zi)T/3i3{z2)) = 2 Ct 


(xi2)q;/3 {^2i)/3c 

(rr- 2 rr- 2') 

\X2l X 12 ) 


2 ’ 


(3.43) 


{T^^{zi)Tp0{z2)) = ^ 

V (x^U) ) 

where E is the projector for symmetric three index spinors 

f /35v _ X /3x V 
— ^{a ^e) • 


(3.44) 


(3.45) 


The expressions ( |3.42|) and ( p.44|) are no longer manifestly superconformally covariant but 
they allow the non integrable singularity at zi — Z 2 to be easily regularised, consistent with 
the conservation equations, using the method of differential regularisation by replacing in 
(g) and ( CT) 

with /i an arbitrary mass scale. 

® This result was essentially given in the first paper in ref.[^. 
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4. Supercurrent and Ward Identities 


In order to derive the Ward identities which constrain correlation fnnctions and opera¬ 
tor product expansions involving the supercurrent we use a variant of the standard Noether 
construction of the supercurrent from symmetries of the action. For orientation we hrst 
consider a global continuous symmetry acting on the basic helds of the theory under which 
the action is invariant d^S = 0, for the parameter representing an inhnitesimal group 
transformation. To dehne the associated conserved current in terms of a superheld we 
allow Ci to be extended to independent ei{z+), ei{z-) which are dehned locally on chiral, 
anti-chiral superspace (thus chiral helds transform according to while anti-chiral helds 
according to q). The action then transforms generally as 

Se,eS = i Jd^z [ciKi - CiKi) . (4.1) 


For Ci = Ei, a, constant, the variation must vanish and this requires that Ki — Ki must be 
a total derivative so that in general we may therefore write K^ — Ki — D^Uia -|- for 

some Uioi, Ui^- Furthermore in the dehnition ( [4.1| ) Ki is arbitrary up to Ki Ki — D^Ui^ 
and similarly Ki Ki -\- D’^Uia- Using this freedom allows us to set Ki — Ki to zero so 
that ( |4.1|) then becomes 

5e,eS = f Jd^z (ei - ei)Li. (4.2) 

Since = 0 for arbitrary variations of the helds dehnes the equations of motion then. 


so long as these are satished, (|4.2|) must vanish for any e^, q which leads to Li being 
required to obey ( p.l2|) . In a quantum held theory, with Li an operator superheld, the 
Ward identities for correlation functions involving other superhelds O may be formally 
derived from the functional integral using ( [4.2| ), assuming invariance of the measure or 
equivalently no anomalies, in the form 

- f d^z {ei{z+) - ei{Z-)){Li{z) . . . 0 {Zr) . . .) + ^{. . . de,eO{Zr) . .. ) = 0 , (4.3) 

o 


which leads to diherential relations on taking functional derivatives with respect to or 
di- 

For the supercurrent we follow a similar analysisi considering now the response of 
the action to local superspace diheomorphisms preserving chiral superspace so that coor¬ 
dinates transform as in (|2.2|) with h, h given by ( |2.4| ). For general h, h satisfying ( p.6| ) it is 

® For a very different application of Noether’s theorem to a derivation of the supercurrent 
see pl[| . 
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convenient to define 


, w/d + 3a^ 5^0, = - i , (4.4) 

where = 0 and these satisfy the chirality conditions 

= D^Oy^ = 0 , D^Oy^^^ = D^ay^ = 0 . (4.5) 

Analogons to (^ 1 . 1 |) we then assnme that nnder transformations on the basic helds indnced 
by snch diffeomorphisms the action is assnmed to transform as 

KhS = -¥ j + f , (4.6) 

where J^ J are chiral, anti-chiral superhelds, satisfying DaJ = 0 , D^J = 0 . As a 
conseqnence also of ( |2.6|) J, J are arbitrary np to 

Jad Jad A D K , Jad ~ Jad A D . (4.7) 

Using this freedom we show that improvement terms may be added to J, J so that their 
difference can be transformed to zero .0 

To demonstrate this we make essential nse of the invariance of S nnder the nsnal 
Poincare and snpersymmetry transformations on the helds. This reqnires that (|4.6|) shonld 
vanish for = h£,“, with hif- given by the restriction of ( p.9|) to the non snpercon- 

formal case when = 0 , so that 

j d ®.2 h]^ [Ja - Ja) = 0 , hif “ = ^d^a ^ _ ^ 43 ^ 

This is analogous to the usual introduction of improvement terms to obtain a symmetric 
traceless energy momentum tensor. In d-dimensions then for an action S depending on fields 
(j) then if these transform under translations, Lorentz and scale transformations according to 
5(f) = —h°'da(t) — Sab(f) — 'TIP^X^ with Sab the spin generators and rj the scale dimension, then 
for arbitrary local h°'{x), u)°‘^{x) = —oj^°‘{x), p{x) the action S may be supposed to transform as 
6S = — J d'^x {{dahb+ujab — PVabfT^^^ + dcU)abX^°'^ + dadbp where the further assumption that 

terms involving only single derivatives of p can be removed is also made. With this restriction if 

for, ifd> 2, J“'’ = 2 (d- 2 ) (‘^‘"^ ~ 2 (d-i) PcdS'^'^) then 5S = -fd‘^x (dahb + coab - ppab)Tff^p. and 

since the variation withs respect to ha, ojab, p must vanish independently, subject to the equations 
of motion, Tj^p is conserved, symmetric and traceless. 
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In consequence Ja — Ja must be expressible as a total derivative which, in order to cancel 
the a, e, e terms in should be of the form 


Jad — Jad = -D^^(/3a)d + -D^^a(d/3) + XpaaP 

b._ _ _ _ _ _ _ (4.9) 

= Z'a[aP) + DaD^X(^aP) + + D^X + D^DaX , 

where the second line is obtained by decomposing X^aiap and Xpaiap into irreducible 
components and wherever possible absorbing terms into a redehnition of Z, Z. With this 
particular form in ([4.81) we hud 

- i j d«zhi“(j„ - J,) =4 J d^z - uf^^Xipo.)) . (4.10) 

In order to ensure such terms are absent we must further require 

X(pa) = D^Yf^^pa) + D(^pYa) + D^Yp^p , Y^pp = Ypap , (4.11) 

and similarly for Xt^ap)- However we then hnd 

= -f DaDPdOYp) - + bi>+ 20“D,^Yf,^0,). 

(4.12) 

Thus these terms may be removed by a further redehnition of Z, Z and also X in ([4.9|) . 
Hence, taking account of the freedom in (0), we may therefore in general write, for 
suitable X, X, 

Jad “ Jad ~ ^[Da, Da]{X — X) — 1 daa{X + X) . 

From the trace of the formulae in ([4.4|) we may hnd 

i9c,a(h““ +£““) = - J[T>„,.Dd](h““ - H““) - 16f((T^ + d^) , 

+ = - 3^c>„4h«“ - E““) -48z(cT^-d;,), 

and then using this with ([4. lij) allows us to obtain finally 


(4.13) 

(4.14) 


= iz / d^z (h-“ - h““)T„« +4 d^z (a J2W - W) - d^(W - 2X)) 


+ / d^z+ Oy^J + / d^Z- aj^J 


= - if d^z{h‘^ -h‘^)Ta+ d^z+ay^T+ d^z-d^T, 


(4.15) 


where the supercurrent is now given by 

Yoia = |(Jad + Jad) “ i^[JJa 5 Da]{X + X) + 3z daa{X — X) , (4.16) 
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(4.17) 


and, using the chiral properties (|4.5|) of cr^, 

T = J-&{2X-X), f = j ^D‘^{X -2X). 

The implicit dehnition ( 4.15 ) does not determine the supercurrent uniquely since if 


Taa —Tqq + DctD^S — D^DcuS , — 0 , D^S — 0 , 


then this can be compensated in ( [4.15|) by taking 


T^T+|T>25, 


T -^T + . 


(4.18) 


(4.19) 


To obtain the conservation equations it is convenient as usual to solve (BT^) in terms 
of unconstrained prepotentials L“, where 

^ = , aj^ = -Xi . (4.20) 


Varying L“, L“ in (f4.15|) now gives 


narp . _ 1 n . 7- 


^arr. , _ 1 -T) 'T 

^ -*-aa — 3 ^OL-^ • 


(4.21) 


For superconformal invariance the variation in (^1.15|) must vanish when (|2.7D is satished, 
when cr^ = a, djj = d as given by ( p.25|) and (|2.26| ). Thus (|4.15|) should be independent of 
(T;^ or T = T = 0, for a suitable choice of S, S in ([4.19|) , in this case and then (|4.21J ) 
reduces to the superconformal covariant equation ( p.ll|) . 


Although the above considerations are classical we can use them as previously in 
to obtain the corresponding quantum held theory Ward identity, assuming superconformal 
invariance extends to the quantum theory, in the form 


i / (ft“(z) - !)“(.')) (r.(s). . . Ol,Zr) . . . > + V (■ ■■Kr.O(Zr) . . . ) = 0 . 


(4.22) 


o 


For quasi-primary superhelds the dehnition of need not be unique but it should 

reduce to (|3.1|) in the superconformal limit, h = h, when (|4.22| ) becomes to just the 
requirement of superconformal covariance of the correlation function (... 0 {zr )... ). 

For subsequent applications we apply these results to the trivial cases of free held 
theories. For chiral scalar helds ^( 2 +), we take 


S= d^z> 


(4.23) 
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and the fields are supposed to transform as 




(4.24) 


with C± given in (|2.3|). The variation of (|4.23|) can then be written as in (|4.6|) with 


Jaa 9 ^0.4^ 4^ i ^add 9 ^a4^ ^a4^ 4 ~ ^aa4^ : 


J = \qD\4^^), 


j=\qD\4>^). 


(4.25) 


1 Hence 


Clearly the difference is of the required form given by (|4.13|) with X = X = ^ 
from (|4.17|) we have T = T = 0ifq = q = l and the supercurrent for this theory becomes 


Taa = ^ {Da(p D^4) + 2i 4> d^afp) . 


(4.26) 


The other example of a trivial superconformal theory is formed by the abelian gauge 
theory with action 


S=^ fd^z+W^ + ^ fd^Z-W\ Wa^-lD^D^V, W^ = -\D^D^V. (4.27) 


The action of superdiffeomorphisms on the scalar gauge superfield V is taken as 

^hrhV = -(^(^“ + h^da + + L£>^)V- - b«“) [D^, D^]V . (4.28) 

This clearly reduces to the general form for a superconformal transformation (|3.1|) when 
h = h and has the important property that it preserves gauge transformations, 

5V = —i\{e — e) ^ — — .0^6 = 0, 0^6 = 0. (4.29) 


From this and using ([4.4|) the chiral fields W, W transform as 

KhWa = - - \ie^pD‘^(Wp{d^^ - E^^)) , 

hdhWa = - , 


(4.30) 


which for /i = /i automatically give that W, W are (A,A)_,_, (1^|)_ superconformal super¬ 


fields. From (|4.30|) we easily find 

= - (C++ + \iD^((\d^'‘ - i^'‘)W„Wi>) , 

= -(C- + finW^ + - idi^^)Wi,Wf,), 


(4.31) 
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and applying this in (14.27]) gives the required form in (4.15), with T = T = where 


= -2Wc,W^. 


(4.32) 


5. Chiral Superfields 


The general results in section 3 simplify signihcantly if they are applied for cases 
involving chiral superhelds so we consider these hrst. We denote a (0, q)+ chiral scalar by 
(f){z+) and its anti-chiral (0, q)- partner, where q = q,hj (j){z-). From (|3.30|) the associated 
two point function is simply 

{(j){zi+)^{z 2 -)) = . (5.4) 

^21 ^ 


For two chiral scalar superhelds and an anti-chiral superheld we may write the three point 
function from (|3.3i|) as 


(</>l(^l+)</>2(^2+)</>3(^3-)) = <^123 


4 




qi+q 2 = q 3 - 


(5.2) 


As in (|3.40|) this leads to the operator product 

4 


(j)i{zi+)(j)2{z2+) ~ 7^C'i23 h{z2 +), qi + q2 = qs: 


(5.3) 


without any singularities as zi —> Z 2 so that the chiral scalar helds form a closed algebraic 
ring. 

Results for two or three chiral helds are only possible in special cases. For the two 
point function we may write the conformally invariant form [^, 


(</’l(^l-|-)</’2(^2+)) — <^12 — 3 : 2 +) 6*12^ , Ql + Q2 — ^ ^ (5-4) 


but this is a pure contact term and should be removable by suitable counterterms in 
the ehective action. For three chiral scalar helds we may write from (|3.31| ) (in (|3.32| ) 
a = a — 4 = (j 3 — 2) 


{(j)l{zi + )(j)2{z2+)(l)3{z3+)) 


Cl23 

Cl23 


1 

1 

Xl2^^^Xl3^^3 


X32(93-2)0^2^ 

Xl2(9i-2)e^2^ 


<?! + ^2 + '?3 = 3 , 


(5.5) 
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where consistency depends on the condition qi = 3 and in the second line we have 
transformed to the alternative form given by (|3.36|) nsing (|3.37|). The chirality properties 


are not manifest in (^) bnt in the second line the form of in ( p.51|) and of 0 i in 
( p.47|) demonstrate that this expression depends only on Z 3 + and also since /(Xi)0i^ = 
f{Xi)Oi^ on Z 2 + whereas similar argnments from the hrst line of (^) demonstrate that 
it also depends only on zi+. We later give an equivalent expression in which the chirality 
properties are obvious but the conformal properties are less evident .0 Corresponding to 
(p75|) we have an operator product, 


(f)l{zi + )(f)2{z2+) 


C 


123 




a 


03 [{X 1 +-X 2 +Y) 


2 ^ 1 ^ M^ 2 -) , ga = 3 - - Q 2 ■ 


(5.6) 


For three point functions involving the supercurrent and chiral scalar fields we may 
write from (|3.31|) the unique expression 


{Taa{zi)(f){z2+)(j){z3-)) ^ -iA 


— — lA 


(Xl3)a/3 (X3i)/3a 1 

xi"’ 

(5.7a) 

(^31^^13^)^ ^32^'^ 


1 

Xl2^1X3i^1 ' 


(5.76) 


where ( b.76|) follows directly or from (|3.36|) with the general result (|3.37|) using a = a = 


and taking This satishes the hermeticity condition = 

X). From the dehnition of Xi in (|2.45|) , (|5.7t|) clearly depends only on ^ 2 + 5 . 23 - as 
required from the form of the l.h.s. With the aid of (|5.7a, l\) we may easily hnd the leading 
contribution to the operator product expansion for the supercurrent and a chiral scalar 
held, 

Taa{zi)(j){z 2 +) ^ . (5.8) 


To obtain the corresponding Ward identity we may take from (|4.24|) with (|4.20| ) 


Sh<p = ii {L^D^<P) - q <P , 

and using this in (|4.22|) gives 


(5.9) 


Df{T^^{zi)(j){z2+)(l){z3-)) 

= ^iqDi^S\{zi - Z 2 ) {(p{z 2 +)(j){z 3 -)) + 2iSl{zi - Z 2 ) D2a{(p{z2+)^{z3-)), 
A similar but not apparently identical form was given in [12|, see also [22|. 


( 5 . 10 ) 
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where the chiral delta function is 


- Z2) = - X2+) 9 


12 


(5.11) 


In the next section we show how (|5.7a| ) satishes the condition that the r.h.s. of ( p.lO|) is 
zero for zi ^ Z 2 - The delta functions appearing in the Ward identity ( |5.1CI|) arise from the 
singularities in ( 5.7a, for z\ ~ 2 ) 2 - The hrst term on the r.h.s. of ( p.lOl) is thus generated 
from the leading singular term in the operator product expansion ( p.8|) . The action of the 
derivative may be calculated by 


d(x2i) aa 


D 


= 4i(2 - A)—^(6'i2)a —^ 47r^A‘^(a:i2)(6'i2)a = 27r‘^DiaS*^{zi - Z 2 ), (5.12) 


X12 X12 


using the result that, as as distribution on has a pole as A ^ 2 with a residue 

which is proportional to d^{x). Using (|5.12| ) with (|5.8[ ) in (|5.1CI|) we must then require for 
consistency 

A 1 

(5.13) 


Thus the Ward identity determines completely the overall coefficient of the three point 
function (|5.7a, 6|) involving chiral scalar helds and the supercurrent. 


6. Ward Identities and Correlation Functions 


If the general results of section 3 are applied to correlation functions involving the 
current superheld L or the supercurrent T„ then it is in general necessary to impose 
restrictions in order to satisfy the conservation equations (|3.12|) and (|4.21|) at non coincident 
points. Furthermore the Ward identities (|4.3|) and (|4.22| ) lead to relations between a three 
point function containing L or Ta and the associated two point function without them, as 
exemplihed in (|5.13|) . 


To obtain simple results for the action of derivatives on three point functions we hrst 
exhibit how covariant spinor derivatives act on functions of W 3 , 03,03 by writing the 
conformally covariant formulae 


Bi“/(W 3, 03, 03) = - (xT3)““2^3a/(^3, 63, ©3) , 

DU{Xs, 03, 03) - - (xi3)«^P3“/(^3, 03, 63) , 

^13 


( 6 . 1 ) 
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where, for X^, © 3 , ©3 —^ X, ©, © and V^, "D, T>, 


d - d 

- 2z(a“©) 




dx<^ ’ 


'Dn = 


d 


a©^ 


( 6 . 2 ) 


With these dehnitions and from the relation ( p.50| ) X = X -\- 2iQaQ it is easy to verify 
that 'DfyX°‘ = 0 which is in accord with (|6.1| ) since Di^X^ = 0. From ( |6.1|) we may then 
hnd 


DX 




1 


[x 


(X3l)aai"“(^3,©3,©3) = 


1 


nr* — 2 nr* — 2 

^31 ^13 


VsaF^iXs,es,Os), 


- 2\2 
13 ) 

^ (xi 3)„«F“(W3,©3,©3)1 = / „ :P3d^"(^3,©3,e3), 


(^31^) 


(6.3) 


rr* — 2 rr* — 2 

X 31 Xi3 


and also 




/(-^ 3 , © 3 , ©3)^ — 7- f{Xs, 03,^3) , 


2 


(^31^) 


(6.4) 


with a similar formnla involving Di 


With these results it is straightforward to check that (|5.7a|) satishes the requirement 
from (|5.1UD that DX-, DXoLdi{^i)<i>[^ 2 +)^{z 3 -)) = 0 at least for zi ^ Z 2 i Z 3 since applying 
(|0|) in this case requires only that 


„ = 0 , Va / = 0 , 


(X2)^ 


(X2)^ 


(6.5) 


which are easily verihed. 


We now apply the general result to the three point fu n ction for the internal symmetry 
current scalar superheld Li, where i is a group index. Applying (|3.31|) , with ql = Ql = 1, 
gives 


{Li{zi)Lj{z2)Lk{z3)) 


1 


— 2 — 2 — 2 nyt — 2 

X 31 X 32 X 23 


^ijA;(A3, A 3 ) , 


and tijk{X,X) is homogeneous 

UjkipX, pX) = p~^tijk{X, X), 
and satishes the symmetry relations 

Ujk{X,X) = t,,k{-X, -A) = tJk^{X^,X^^ 
Applying the conservation equation (p.l2|) leads from ( |6.4|) to 

vHijdx, X) = vHijdx, X) = 0 . 


( 6 . 6 ) 


(6.7) 


( 6 . 8 ) 


(6.9) 
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The solution of these conditions is straightforwardlll 

= Cf ifijk ~ 'x^ 

where fijk, dijk are totally antisymmetric, symmetric group tensors. 

We analyse hrst the contribution involving fijk when ( |6.6|) and ( |6.10|) give 

1 1 


( 6 . 10 ) 


(^L L j {^Z2) L f Cfifijk 


/'Y* — 2 /'Y* — 2 I'Y* — 2 /'Y* — 2 /V* — 2 I'Y* — 2 

^13 ^32 ^21 ^31 ^23 ^12 


( 6 . 11 ) 


To obtain Ward identities we assume that under inhnitesimal group transformations as 
considered in (^4.2D , (^4.3|) 


de,eLi — fijk i(^€j €j')K,, 


tj ■ 


and then (|4.3|) , assuming (KijLk) = 0, gives 

lDi^{L,{zi)Lj{z2)Lk{zs)) 

+ lfij£S+{zi - Z2){Li{z2)Lk{z3)) + IfiktS^izi - Z3){Lj{z2)Li{z3)) = 0 , 

with a similar equation involving From (|3.41j) we may take 

1 


{L,{zi)L,{z2))=ClS., 


'f'J o o 

X 21 X 12 


and using the counterpart to (|5.12|) , 




2 

^12 


= -HQt: 5\{zi - Z 2 ), 


it is easy to see that ( |6.11|) is compatible with ( |6.13|) and (|6.14| ) if 

= Cl . 


( 6 . 12 ) 


(6.13) 


(6.14) 


(6.15) 


(6.16) 


The part of the three point function involving dijk may be written as 


{Li{zi^Lj(^Z2')Lk{z3'))(i Cfidijk 


1 


+ 


1 


/'Y* — 2 — 2 /'Y* — 2 /'Y* — 2 I'Y* — 2 I'Y* — 2 

^13 ^32 ^21 ^31 ^23 ^12 


47 r^iCddijk(S^(zi - Z2 )— ^ ^ +S^{z2 - Z3) ^ ^ +^^( 2(3 - zi) 

V ^32 3:^23 


rY> — 2 — 2 

^13 ^31 


nn — 2 — 2 

X 21 Xi2 


(6.17) 


This demonstrates that Af = 1 superconformal invariance leads to unique totally sym¬ 
metric or antisymmetric expressions for the three point functions of conserved currents, as was 
conjectured earlier |23]. 
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with 

5^{zi - Z 2 ) = S'^ixi - X 2 ) O 12 ^12 ■ (6.18) 

Since —^D^d^{zi—Z 2 ) = h® (^i—^ 2 ), the chiral 5-function dehned in (|5.11j) , the second line 
of ( |6.17| ) removes terms involving a single delta function from Di{Li[zi)Lj[z 2 )Lk{z^))d-, 
such as were present in ( |6.13| ). The potentiality of introducing such contact terms to impose 
the conservation equations is a reflection of the ambiguities in the precise dehnition of this 
three point f un ction as a distribution arising from the singular behaviour at coincident 
points. 

A more careful consideration reveals the supersymmetric counterpart of the well known 
axial anomalies when calculating the action of on (|6.17D . To demonstrate the necessary 
presence of such anomalies in the present formalism and to determine their form we make 
use of the representation ( |3.16|) to impose the conservation equations (|3.12|) trivially at 
zi^Z 2 - Thus, suppressing group indices so that dijk 1, 


{L{zi)L{ z 2)L{zs)) — D2^Di^Tdpizi^, ^ 2 +, ^ 3 ) + rioc(^l,^2,^3) , 


(6.19) 


where rioc(-2i, Z 2 , zs) is a purely local contact term which is necessary to ensure that the rep¬ 
resentation for the three point function for L in (|6.19|) is symmetric. Assuming supercon- 
formal invariance ra/ 3 ( 2 i+, ^ 2 - 1 -, ^ 3 ) = —r/ 3 a( 2 : 2 +, ^i+, 2 : 3 ) is then determined by requiring 
it to be a three point function of the general form in (|3.31|) with Qi = q '2 = |, = ?2 = 0 

which gives in this case 


OLO. (x 23)/3/3 -d/j 

1 "^2+7 "^3J o ^ 


0.3^ 


0.32 0 . 3 ' 


(^31^ ^32^) 

The overall coefficient is chosen so that, using 
{L{zi)L{z 2 )L{zs)) = Cd 


Ci \r 2 ^ \r ^ V" ^ 

ZA.S A3 A3 

I), ( |6.19|) gives the symmetric form 

( 6 . 21 ) 


( 6 . 20 ) 


— 2 /'Y^ — 2 /'Y* — 2 

13 ^32 ^21 


+ 


1 


I'Y* — 2 — 2 I'Y* — 2 

^31 ^23 ^12 


at non coincident points. The singularities which appear in the expression (|6.2CI|) for 
Fa/gizi^, Z 2 +, Z 3 ) at coincident points are integrable and hence possible ambiguities pro¬ 
portional to derivatives of 5-functions, which arise for (|6.21|) , are not present. By its 
construction the representation ( |6.19|) ensures that anomalies arising from the hrst term 
on the r.h.s. are conhned to the action of 1 ) 3 ^ and To obtain the anomalies explicitly 
it is convenient to rewrite (|6.2C1|) in the alternative form (|3.36|) 

01^ 


ra^(^l+, Z2+, Z3) — —Ca 


(X2l)gg 


X 


-2^-2 
13 -^31 


,d/3x 


laa 




2 ’ 


( 6 . 22 ) 
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so that, using the analogous result to (|6.4|) for reduces calculating the action of 


to T>iQi = —4 and hence 


D'iTZ 2 +, Z'i) — —2C, 


(xis) aa (x 23)/3/3 d/3 


With the aid of 


Di 


(^31^ ^32^) 
2 = 27r'^Dic,S'^_{zi - Zs ), 


a V^13)aa _ o„2 ti ;:6 


(6.23) 


(6.24) 


(^31^)' 

and similarly for ( |6.19|) gives 

Ds^D^Di^T^f 3 {zi+, Z 2 +, zs)) = 8 TT^CdDi^S^_{zi - z^) b 2 ^S^{z 2 - zs ). (6.25) 


A similar calculation for D^Tct/ 3 {zi+, Z 2 +, zs) naively gives zero but in this case it is 
necessary to be more careful in the treatment of singularities at coincident points. If we 
modify (|6.iy|) to 


^a/dizij^, Z2+, 2;3)ai,A2 


Cd 


(Xi3)qq (x23)^/3 €>3^ 

2(2+Ai) 2(2+A2) ^ Ov2’ 

Xgi ^ 0:32 ' 2A3 


(6.26) 


then 


-D3^ra/3(zi+, Z2+, ^3)ai,A2 — 8C'd(Ai + A2)(Ai + A 2 + I)6*i3^^*23^ 


(xi3)ad(x23)/3/3 

2 2(2+Ai) 2(2+Ai) ’ 

X 12 Xi3 '■ ^’X23 ^ ’ 

(6.27) 


where here Xi 2 — — X 2 +- As Ai, A 2 —> 0 the factor on the r.h.s. of (|6.27|) depending 

on 0 : 12 , a::i 3 , a :23 generates a pole in Ai + A 2 with a residue oc S^{xi 3 )d'^{x 23 ) so that 


D3^'ra^{zi+,Z2+, Z 3 ) = 87r'^C'd£c^/3 A® ( 2:1 - Z3)5\{z2 - Z 3 ) , 


(6.28) 


and hence, similar to (|6.25|), 


Di{bbb{^T^p{zi+, Z2+, Z3)) = 8 Ti^Cdb{^ 5 X{zi - Z3) D2 c.SI{z2 - Z3) 


(6.29) 


To obtain a suitable expression for rioc(2:i, Z 2 , Z 3 ) we hrst dehne 


16/(2;i,^2,^3) 

= D 3 aS^{z 3 — Zi) D 3 D^5 ^{z3 — Z 2 ) + D3°‘(^5 ^{z3 — Zi) D 3 D 3 a 5 ^{z 3 — Z 2 )) (6.30) 

= D 3 a[S^{z 3 — Zi) D 3 D^ 5 ^{z 3 — Z 2 )) + I)^ 5 ^{z 3 — Zi) D 3 D 3 a 5 ^{z 3 — Z 2 ) ■ 
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which has the properties 


f{zi, Z 2 : Zs) — Dia5^{zi — Z 3 ) D2^5^_{Z2 — ^ 3 ) ; 

D^f{zi, Z2, Z3) = D{^ 5 \{zi - 2 : 3 ) D2a5\{z2 - 2 : 3 ), ( 6 . 31 ) 

D2^f{zi, 22, ^3) = D<^f{zi, 22, ^3) = 0 , f{zi,Z2, Z3) = -f{z3, 22, 2i) . 


If we take 


rioc(^l,^2,^3) = -^'^'^Cd{f{zi,Z 2 ,Z 3 ) +/( 22 , 21 , 23 )) , 
then (|6.31|) and ( |6.25|) , ( |6.29|) give 


Il3"(L(2i)L(22)L(23)) = iTT^CdD^jtiz^ - 23) ^2“^^ (^2 - ^s) , 

.D3^(L(2i)L(22)L(23)) = | 7r^C'dL>i“5^(2i - Z3) D2cS\{z2 - Z3) , 

and also the corresponding results required by symmetry of (L(2i)L(22)i^(23)). 


(6.32) 


(6.33) 


If an external real superheld V is coupled to L through an additional term in the 
action Sy = 2 f d ®2 LV then the results in ( |6.33|) can be summarised through the operator 
equations 

D^(L}y = -f Trac'd , D^(L}y = -frr^CdW^ , (6.34) 


where W, W are as in ([4.27|). For the associated current Ja, dehned by Jc 




then (|6.33|) gives 


^a(J^}v = = -I^^Cdi(D^W^-D^W ^), (6.35) 


which reduces to the standard form for the anomaly of the axial current in a 17(1) gauge 
field background. 


7. Supercurrent Correlation Functions 


We here apply the general results of section 3 to a couple of particular non trivial 
cases involving the supercurrent. First we consider the three point fu n ction involving two 
supercurrents and a scalar superheld with q = q. Adapting the general form ( p.31|) to this 
case we have 


(Tafi( 2 i)T^/ 3 ( 22 ) 0 ( 23 )) 


(^ 13)07 (^ 31)70 {^23)f35 {^ 32 ) 6 $ 

2 rr- 2 rr- 2 rr- 2\‘^ 

1^31 ^13 ^32 ^23 } 


riM^X3,X3). 


( 7 . 1 ) 
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It remains to determine the form of tab{X,X) = using 4- 

vector notation for convenience, which is homogeneous of degree 2{q — 3). From the 
invariance of (Q) under zi •«-*• Z 2 ^ when ^ —X^, and ckq: (3$ this satishes the 

symmetry condition 

tab{x,x) = tu-x,-x), 


and also the reality constraint 

tab{x,xy = tab{X,X). 

A general form compatible with (|7.2|) and (|7.3|) is 


(7.2) 


(7.3) 


tab{X,X) = 


r]ab 


(x-x) 


3 -q 


A + B 




+ EieabcdX^X^ 


XX 

1 


+ X(^aXb) 


{X-X) 


4-q 


CAD 




X-X 


(7.4) 


(A-A)^-" ’ 

where A, B, C, D, E are real coefhcients and we have dehned 


2 o2 


A„-A„ = ^P„, PaPb = iVabPX P" = -80^e 


(7.5) 


Using the results in (|6.3|) and (|6.2|) the conservation equation following from applying Di^ 
to (|7.1|) leads to 




d 


dX' 


■ tab{X, A) = 0 . 


The terms resulting from (|7.6|) which are O(P^) give 


C=-lZ±A. 


i-9 


E = -\(\-q)C, 


(7.6) 


(7.7) 


while, using 0P^ = 0 and QPa = 0^0cra, the 0{P) terms determine B and D, 

B = \{?,-q){A-q)A, D = \{?, - q){A - q) C. (7.8) 

The remaining conservation equations follow automatically as a consequence of the symme¬ 
try and reality conditions (|7.2|) and (|7.3| ). Thus the three point function (|7.1| ) is uniquely 
determined up to an overall constant although there are no Ward identities in this case 
which allow the constant to be determined. 

It is also convenient to rewrite the result ( [7.1|) in the form given by (|3.36|) so that 

(x2l)/37 (Xi2)7/3 1 


{p otdt{A)p i3y^2)o{zy}) — 


{xi2^x2yf {x-32^xiiy 


t„o,^^(Ai,Ai). 


(7.9) 
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To obtain tab{X,X) we first use ( p.35|) with the result (|3.26|) for X^,X^ and det/ = —1 
to give 


X^) = la^iX, X)h\X, X) X) = tab{X, X) , 

and then applying (|3.37|) 

1 


tab{X,X) = 


(X2X2) 


1-1 


rb{x,x)tac{x,x). 


Using the explicit form for lab. 


Iab{X,X) = 


1 


and 


{x‘^x^y 

1 


■ [riab X X - 2X^aXb) - ieabcdX^X<^) , 


{X^X^r {X-Xf^ 


1 + |p 






(7.10) 


(7.11) 


(7.12) 


(7.13) 


we hnd that if 

iab{X,X) = 


rjab 


{x-xy 


A + B 


XX 


+ X(^aXb) 


(X-X) 


g +1 


C + D 


p2 

XX 


c vd 


+ E iCabcdX^X 


1 


(7.14) 


(X-X)"+^ 

then (|7.11|) implies 

A = A, C = -C -2A = 

and 


<1-2 


3 ^, E = E-A=\{q-2)C, 


(7.15) 


(7.16) 


B = B + l(q-X)A+lC-\E= \q(q + 1)>1, 
b= - D-\{iq-2)C-2B-l(q-l) A+\E= lq{q + l)C. 

The results ( [7.15|) and (|7.16| ) are similar in form to ( |7.7|) and (|7.8|) with q ^ 3 — q which 
is necessary for the analogous conservation equation to (|7.6| ) to be satished by tab{X,X). 
When q = 0, tab = AVab, or iaa^^ — —‘2A5oP5^a, and ( [7.9|) reduces to the form in ( |3.43|) , 
as expected since O is then the identity operator. We may also verify that ( [7.14|) , with 
S, D determined by ( [7.16|) , obeys V'^iabiX, X) = —4Q‘^dx^iab{X, X) = 0 which, for g = 1 
and using the corresponding equation to (|6.4|) , ensures that ([7T|) satishes the conservation 
equations in (|3.12|) which become necessary if we let O —> L. 

Using the general formula (|3.40|) the results for the three point function ( [7.1|) are 
equivalent to determination of the coefficient of the contribution of the scalar superheld O 
to the operator product expansion of two super currents 

1 


Ta{zi)Tb{z2) ~ pr tab{x21, X 21 ) 0{Z2) , 

Eo 


(7.17) 
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where tab is defined by ( [7.10|) and is given by the same solution of the constraints as tab 
but with E —> —E. 

Following a similar analysis we turn to the more intricate case of the three point 
function of the supercurrent by itself.0 The general result (|3.31|) now requires 


X 3 ), (7,18) 

/ nr* — Zi nn _ Zi nn _ Z nn _ Z 1 

V>^31 -^13 -^32 -^23 ) 

where it remains to determine tabciX,X) = —^{(Ja)aa{o'b)i 3 ${^c)^'^t^°‘’f^^^-yA^{X,X), which 
is homogeneous of degree —3. As well as Pa given by (|7.5| ) it is convenient to define also 


Qa^^{Xa+Xa). 

SO that under inversion following (|3.26|) they transform as 


g/ = //(A, X)Qh = -Qa , Pi = Ia\X, X)P, = Pa- 2 ^ Qa (7.20) 

Q 

Assuming the symmetry condition 


(7.19) 


tabc{X, X) — tbac{—X, —X) , 

we can write a general expression, depending on 9 coefficients, for it as 


- 1 f P^ 

tabc{X, X) = ^abcdQ^ \ A + B 


X X ) ^ [x-xy V ^ ^ ix-x) 


(7.21) 


+ 

+ 


(A-A )2 ^ 

1 ( P-Q \ 1 f P-Q 

EP^a + F Q^a Vb)c + QaQh [ GP^ + H Q, 


{x-xy 

1 


(A-A) 


J {QaPb + QbPa)Qc ■ 


(x-xy 




(A-A) 


(7.22) 


(A-A)3 
From (|3.35| ) we let 

t'abc{X,X)=iabc{XyXy=IayX,X)hyX,X)iy{X,X)tafg{X,X), (7.23) 


where, using (|7.20|) , tabciX,X) = ti,ac{X,X) and t'abc{X,X) has the same form as 
tabc{X,X) in ( |7.22|) but with 


(A', S', C', S', G', J') = (A, B, C, E, G, J ), 

D' = -D -2G , E'^-E-2E, H' = -H -2G -AJ. 


(7.24) 


This case was also investigated in [10| but with different conclusions. 
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Since the three point function in ( [7.18|) is totally symmetric we must now impose, in 
addition to (|7.21|) , by virtue of (|3.36|) and (|3.37|) , 


ttcaiX, X) = /%(X, X)t'aec{X, X) . 


(7.25) 


By explicit calculation 


n(x,x)C,,(x,x) = jj^ 


^abcdQ'^ + (s' + iA' — \C' + \E') ^ 


+ 


+ 


+ 


1 


{x-xy 

1 

(X-X)3 

1 

(X-X)3 

1 


((C" - A')riahPc + + (A' + \E')r^bcPa) 

P-Q {{A' + D')r^ahQc - {E' + ^E')rjacQb - {A' - lE')r]tcQa) 
{{A' - 2C' - G')QaQbPc + J'QaQcPb - (A' + s' + f)QbQcPa) 


P-Q QaQbQci^D' + E' + H' + 2 J') , 


(X-X)4 

and then, using ( [7.24|) , it is easy to read off the conditions necessary to satisfy ( [7.25|) 


(7.26) 


E = 2{C-A), G + J = D + \E = A-2C. 


(7.27) 


For the conservation equations it is sufficient to impose just 

d 






■ tabciX, X) — 0 . 


Inserting ( 7.22|) the equations split into those which are 0{P^), 


(7.28) 


E = 2{G-A), E = -2G-5E, G = -2A+ ^E, J=2A + D, H =-2G - QJ, 

(7.29) 

and also those which arise from terms which are 0{P), 

4G + D + 6E+^E + G + J = 0, H = 4E + E -2J, 8B = 4A - 4E - E - J . (7.30) 


In fact (|7.29|) and (|7.30|) together imply ( [7.27|) and there remain two independent param¬ 
eters which may be taken as A, (7 so that we may determine 


B = 4a, 4d = E = 2{G-A), E = 10A-12G, G = ^ ?,{A-2G) . 

(7.31) 
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In consequence there are two linearly independent superconformal covariant forms for the 
three point f un ction for the supercurrent (|7.18|) . In contrast for the three point f un ction of 
the energy momentum tensor in conformal held theories there are in general three linearly 
independent forms 


The result ([7.221) with (|7.31|) is not very transparent but it can be recast more simply 


as 


tabc{X^ X) — Tabc{^, + 'Thac{~X^ ~^) 5 


(7.32) 


where 

'^abc^^i -^) — 2^^ (^^)^ i^^a^bc T ^b^ac ^c^lab T '^^^abcd^ ) 

+ i(2(T - A)j^(2{XaPb + PaXb)X, - 3XaXi,P, - 6^ X^X^X, (7.33) 
- P-X{3{Xar]bc + Xbrjac) - ‘^Xc'IJab) + \X‘^[Par]bc + PbVac + PcVab)^ ■ 


As in previous cases we may relate the results for the three point function to the 
relevant coefficient in an associated operator product expansion 


Tad(^l)T/3^(22) 


2G 


t eta, {^21'! ^2l) T-yy(.Z2) , 


(7.34) 


with, from (|7.23|) , tad,/3/3^^ iX,X) = {a'^)c,a{a^)f 3 ^{(j‘'V'^tbac{X,X). Explicitly, with a 
similar decomposition to (|7.32[ ), 

1 




feta,P$^HX,X)=2iA 

+ i( 2 C - A)j^(^2{Xa.^Fpp + - 3X«„X^;3(p^^ + 2 ^ X^^) 


+ 2(P-XX„^ - X^P^^)5f3^5^^ + 2(P-XX^^ - X^Pf3p)SG^5P 
+ {4P-XXa0+X^P^f3)df}^d\ + {4P-XXf3^+X^Pf3^)de?dy'^ . 


(7.35) 

The terms in ( [7.35|) with coefficient 2C — A have an 0(X“'^) singularity but closer analysis 
shows that (X^)“^rad,/3/37'>'(X, X) has no pole as A —> 0 so this is integrable. The con¬ 
struction of tabc{X,X) guarantees that faa,i 3 p^'^{,X 2 iTX 2 i) P {.—X 2 i^ — 2 : 21 ) satishes 

the constraints obtaining from the conservation equations ( [4.21|) for zi 7 ^ Z 2 (in (|7.35| ) 
P —> —26*21 < 7^21 for this case). To take account of singularities at zi — Z 2 we hrst note 
that 

^l“7aQ,/3/3^^(x2i, X 21 ) = 0 , D2^faa,130^^ {X2l, a^^l) = 0 , (7.36) 
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without any 5-function contributions. However calculating the action of Di^ requires a 
more careful treatment. Modifying the singularity in ([7.35|) as in (b.l2|) we hnd 


D, 


ry- 2\ 
^12 


y/3/3^^(a^2T,^2i )) =8AX 


1 


T 2 ^2+A 






- 20^(2^ - H) A , ^lt.j {^2-i0i2)f35c?sy + {^2-i)c.0Sp^{Oi2r (7-37) 

1^12 ) ^ 

+ ^(x2l^l2)a(x2l)/3/3(xi2)^^) • 

Xl2^ / 

Taking the limit A —0 then reveals the local contributions with support when zi ~ 

^^^^( 0 : 21 , 3 : 21 ) = S7r'^iA{ei2)pS'^{x2i)SoXS'^0 

- f7r^{2C - A) e^2^5^^W2p)i05\x2i)S^s){Oi2y 

= 47T^tAD,^5l{zi - Z2)5J57^ + fn^{2C - H) - ^ 2 ) ■ (7.38) 

A similar result may also be derived for faa,i 3 j 3 ^~*ix 2 i, X 21 )■ 


The association of the supercurrent with superconformal transformations allows the 
derivation of Ward identities which constrain one linear combination of the parameters 
in tabc- To derive these from ( |4.22|) we need to dehne In the superconformal 

case, given by (EZ3). this must reduce to the particular case of (|3.1| ) appropriate for the 
supercurrent and therefore, based on particular examples, we postulate the formllil 

= — (^(h“ + h°')da + A^TAq, -|- XaD°‘ + 3(cr^ + d'^))TQ,Q, 

+ ~ Tq,^ a. + ~ ^)) aaOl , 


^h,h~^ac‘ 


(7.39) 


where V represents the action of various derivatives and Oj are a basis of superheld op¬ 
erators in the theory. These terms are model dependent, the results for free theories are 
given in an appendix. Nevertheless the helds which contribute may include the supercur¬ 
rent itself so that these terms are relevant for Ward identities applied to the three point 
function of the supercurrent by itself. Using the prepotentials given in ([4.20| ) we have 

- 35/a^ = -\iD^D^Lf ^, Ojf ^ + 35^^ = -\iD^D^L^ , (7.40) 


we may obtain from ( [4.22|) 

4“(T„a(zi)T^^(z2)...) 

= (2iDipd^{zi — Z2)S(Ad'^0 + Df‘Xcta,f3p^^{zi2)){A^^{z2 )...) + ... , 
D{^{T^^{zi)Tf,0{z2)...) 

= {2iDi0dl{zi - Z2)dp^dA + Di^Xc.c.,^$^^Zl2)) {T^-y{z2) 

For an alternative approach see p^. 


(7.41) 
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where additional terms representing contribntions from other operators in the correlation 
fnnction and also less singnlar terms, involving derivatives of T^^(z 2 ), are not shown. 
The terms involving Xad,/ 3 / 3 ^^(' 2 i 2 ), where Z 12 is dehned in ( |2.33|) and which is restricted 
to be a linear combination constrncted from DsDsd^{zi — Z 2 ) — —4S^(xi2)0i2S^i2S and 
DsDsd^{zi — Z 2 ) = 4:d‘^{xi2)0i2sdi26^ arise from the model dependent h — h contribntions 
. However such terms may also be viewed as a reflection of the arbitrariness of 


m 


the operator product coefficient tQ!d,/ 3 / 3 ^^(a^ 2 T ^ 21 ) ( [i'-34|) up to purely local (f-function 

contributions and in consequence it is therefore possible to redehne it so as to remove the 


Xad,/3/3^^(^i2) terms from ( |7.41|) . 

To apply the results in ( |7.36|) and (I7.38D to the Ward identity we first introduce 


haa,130'^^ {^ 12 ) — {Z2l) 

= D^]5\zi - Z 2 ) + [Df3, Dp]5^{zi - Z 2 ) 

-2[D^, Dp]5\zi - Z 2 ) - 2[Di 3, D^]5\zi - Z 2 ) 5^^5^0 

+ Qi{dp^5\z^ - Z 2 ) - d^0S\zi - Z 2 ) , 

which satishes 

Bl“/iad,/3/3^"'(^12) = 12Di^dl{zi - Z 2 ) - Z 2 ) , 

^i“/iad,/3/3^"'(^i2) = 12Di0dl{zi - Z 2 ) - Z 2 ). 

Redehning the operator product coefficient in (|7.34D to be 


(^21; ^21) (^21: ^21) T ( ^215 ^2l) 


Iti\{ 2C-A) Ka,i30^^{zi2), 


(7.42) 


(7.43) 


(7.44) 


we then obtain 


Bi“Ld./3/3^"'(^2l,^2i) = ‘2ti\{2A - 5(2(7 - A))D^p5X{zi - Z 2 ) 5^^5^0 . (7.45) 


The additional term in (|7.44|) is equivalent to setting XQ!d,/ 3 / 3 ^^(^i 2 ) = 0 in (|7.41|) and 


hence, using (|7.45|) , we therefore hnd from the Ward identity the constraint 


7 r^(10(7-7H) = 2 Ct. 


(7.46) 


Thus the general superconformal three point function for the supercurrent contains one 
new parameter beyond the coefficient Ct for the two point function. 
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8. Free Fields 


The trivial realisations of superconformal field theories are given by free helds, i.e. for 


the chiral scalar snperheld theory dehned by the action (|4.23|) or the abelian gange theory 
described by ([4.27|) . As a consistency check we give the rednction of some of onr general 
resnlts to these cases. From (|4.23|) the two point fnnction is easily found, 

1 




( 8 . 1 ) 


At:‘^X2i 

For gauge snperheld F, and with covariant gauge hxing parameterised by the normali 
sations in ([1:.27|) require 


{r(zi)r(z2)) = 


IGtt^ 


1 


^ ) Iny 


12 




^) yiT 


0l2 0l2 


( 8 . 2 ) 


where yi 2 is given by (|2.33| ). With the dehnitions in ( [4.27|) we may then show that 

+ ( 8 - 3 ) 

2tT^[X21 ) 

while {Woi{zi^)Wi 3 {z 2 +)) = 0. Clearly (|8.1j ) and (|8.3|) are in accord with the general 
superconformal expression (|3.30|) . 

With these results and the explicit forms ([4.2(j| ) and ( 4.32 ) we may evaluate the coef- 
hcient of the two point function for the supercurrent, dehned by (|3.43|) , directly to be 

1 „ 1 


Cr.rh — 


Ct,v — 


(8.4) 


67r4’ 27r4- 

The form required by (|3.43|) is trivial to obtain in the V case, using (|8.3|) , but emerges in 
the (f) case after lengthy calculation. To obtain the coefficients in the supercurrent three 
point function it is sufficient to hnd the leading contributions to the operator product 
Tad(- 2 i)T/ 3 ^(^ 2 )- This is easy in the V case since it is evident from (|4.32|) and (|8.3|) that 
the hrst operator term in the short distance expansion is the supercurrent itself. This then 
gives 


Ay = 2Cv — 


1 


TT^ 


G 


T,V ■ 


(8.5) 


In the operator product expansion for two supercurrents formed from free chiral helds, as 
in ( 4.26 ), the leading term is (pcj) and it is necessary to remove this and its derivatives after 
using Taylor expansions in the form 


4‘{^2+) — </>(^l+) + {X21'dl + O 21 Dia)(j){zi^) + . . . , 
^{Z2-) = ^{Zi-) + {x2i-di + 621 + . . . . 


( 8 . 6 ) 
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(8.7) 


Noting that -Da]</></> = Dct4>Da4> ~ i4>9cici4> we then hnd 


- ICs = ■ 


Of course both ( ^.51) and (|8.7|) are in accord with the Ward identity (|7.46|) .E1 

As an example of a current superheld we consider Li = (fiticj) for free chiral scalar 
superhelds where ti are hermitian matrices obeying the Lie algebra [ti^tj] = ifijktk and 
we take tr (titj) = Tdij. It is very easy to see that this gives the results (|6.14|) and (|6.11J ) 
for the two and three point functions with 


Cr = 


(47r 


2\2 


Cf = 


T 


2(47r2) 


2'|3 ■ 


( 8 . 8 ) 


Manifestly these satisfy ( |6.16|) . If |tr {{ti,tj}tk) = dijk then the symmetric form (|6.17| ) is 
also given by 


Cd^ 


(8.9) 


(4^2)3 ’ 

and this is appropriate in (|6.34|) or (|6.35|) to give the standard one loop anomaly result. 


9. Superconformal Integrals 


It was realised long ago |2^] that integrals such as those appearing in held theoretic 
calculations may be signihcantly simplihed in special cases as a consequence of the restric¬ 
tions of conformal invariance. As general discussion was given by Symanzik and we 
extend this here to particular superconformal examples. 


If we dehne 

Xi — {xij^ — 2i6ia6 — x)'^ , 

then the integrations over anti-chiral superspace we consider here are 


(9.1) 


r - ^ 
SN^i d'^xd^e JJ 

1=1 


1 




2\‘li ’ 




= 3. 


(9.2) 


The results for free fields may be used to relate the parameters A, C for the gen¬ 
eral superconformal supercurrent three point function to those specifying the conformal en¬ 
ergy momentum tensor three point function. In terms of the parameters r,s,t in Q we have 
2r = 29A - 9(7, 4s = -45A -t 24(7, t = 4A. 
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Under a superconformal transformation ^ > z', x'i^ — Xi /Vl{zi)Cl{z), from (|2.43|) , while 

the measnre d^z'- — d^Z-/Q?{z) so that the condition on ( |9-2|) dehnes a snper- 

conformal covariant function. Using the standard result 


1 


/-oo 


(x2+ie)“ r(Q!) Jq 


dAA“-^e*^^ , 


(9.3) 


then we hnd 

r 2 


Sn = 




0-1 1 f 12 n -xV AiAjX, 
^ - / A^f) p A ^i<j ^ 


•} ^ij ^j~\~ ^tOijCrO , 

(9.4) 

where A = Expanding the exponential allows the 9 integration to be performed 

giving 


S 


N — 


n.r(?.) 



1 

A 2 


9ja-dj a-dkOk e ^ ^ 

jk 


(9.5) 


for Xijj^ — Xi-s^ — Xj_|_. In ( |9.4|) and (|9.5|) we have assumed that the integrals are initially 
dehned in a region where x A_|_ > 0. 

The crucial observation of Symanzik is that in an integral 


n,dA,A 


J_ f, A X), 




<3 


Aw U-i 


^ij — ^ji 


. <*i = 2 p, 


(9.6) 


it is possible to transform A to A = Yhi with arbitrary > 0, ^ > 0. This then 

allows the choice A = A^ for some i and the integral, using contour techniques, written in 
terms of the conformal invariant cross ratios UijUki/uikUji. For the case i = 1,2,3, when 
there are no invariants, the integral is easily determined to be 


r(p - 5i)r(p - 52 ) t{p - 53 ) 


u 


P—S 3 p—5i P—S 2 


12 


U 


23 


U 


31 


(9.7) 


There are various alternative ways of writing (|9.5| ) in the desired form. One convenient 
representation is 


Sn = 




Hi r(9 


i) Jo 


X 


n.dA.AA 


-1 1 -tY 


A3 


AjAfcA; 6- x^.;_|_ X;^_|_ 2 J^jk+ 

jkl jk I 


(9.8) 
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which has the form required by (|9.6|) with p = 3. For N > 3 the integral involves non 
trivial functions of super conformal invariants but here we consider just N = 3 when the 
result by applying (|9.7|) is 


Ss =-471^11 


r(2 -g^) 

r(g.) 


^12^13 ^23+ 


+ 0 


23^21 


X 


31 + 


+ 0 


31^32 *12+ 


(*ll+ 


)'“'^^(*2l+)'“'^^(*3V) 


2 —gi, 


\2 — q2 


(9.9) 


It is straightforward to reexpress this in the manifestly superconformal form expected from 

O' 


10. Superconformal Invariants 


For analysis of higher point correlation functions it is necessary to understand what 
conformal invariants may occur. For an A^-point function depending on G 
r = 1 ,... we may use supertranslations to set 2:1 = 0 and then superconformal trans¬ 
formations to set X 2 — 00 (in a suitable compactihcation) and also 6 * 2 , ^2 = 0. Super¬ 
conformal invariants are then given by those scalars formed from Zr-, r = 3.. .N which 
are invariant under the residual symmetry group 0(3,1) x D x C7(l)ij, where D de¬ 
notes the group of scale transformations. For the Xr coordinates we may consider the 
— 2){N — 1) — 1 = ^N{N — 3) scalars Xr-Xsjxz ■, s>r>3, s>r = 3 and with the 
Grassmann coordinates we may dehne the {N — 2)^ invariants dsXrdtjxr ■ However for 
N > 6 the Xr are linearly dependent and we may restrict r = 3,4, 5, 6 , giving 4N — 15 c- 
number invariants (in this case the ordinary 0(4, 2) conformal group is acting transitively) 
and 4(A^ — 2)^ invariants formed from 9,9. When N = 3 there is clearly one Grassmann 
invariant which corresponds to J dehned in (|2.57|) . 


To proceed we extend the dehnition of X for three points zi,Z 2 ,Z 2 , in ( p.45|) to a 
similar expression formed from Zr, Zg, Zt 


^r(st) 

and also, extending (f2.47|). 


0 , 


(st) 


= I 


^ ~9 X- 


1 


ry rs ^sr 9 

tVsr 


^rs ^st ^tr 

_ 2 rtrt _ 2 

sr ^rt 


^rt ^ti 


^r{st) ^r{ts) 


0 , 


(st) 


= I 


Xr 


2 ^rs ^rs ' 


Xft 


( 10 . 1 ) 


Xrt9rt ■ ( 10 . 2 ) 


These functions of Zr, Zg, zt, r ^ s ^ t, transform homogeneously at Zr according to (|2.46| ) 
and (|2.48|) . Trivially from ( |10.1|) we have 


^r(su) 0r(st) T 0r(tK) 5 0r(sit) 0r(st) T ^r(tu) : 


(10.3) 
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and 


(10.4) 


^r(su) ^r(st) “ 1 “ ^r(tu) ‘^^®r{st)^®r{tu) ■ 

As special case (|10.4|) reduces for u = s to Xr(st) + Xr{ts) = —2z0r(st)cr0r-(st), which is 
equivalent to (|2.50| ). 

In the limiting situation considered above, zi = (0,0,0), Z 2 = (oo,0,0), we have 
Xi( 2 r) = 0 i( 2 r) = iQr^r-j ®i( 2 r) = —ix^+^r/3^r+' Heuce it is natural 

to construct a basis of superconformal invariants in terms of Xi( 2 r )5 ©i( 2 r )5 ©i( 2 r) 
r = 3,.. .N. Thus we may dehne a set of bosonic invariants formed in this fashion, in 
which the points , Z 2 play a privileged role, by 


X ^ 

Ur = (Xi(237^Xi( 2^)) , r > 3 , 

^1(23) 


and 


^l(2r) ■ -^l(2s) 
^l(2r) 


= pr (Xi( 2 ,)'Xi, 2 ,)) , s>r>3. 


(10.5) 


( 10 . 6 ) 


The dehnitions (|10.5| ) and (p.0.6|) are special cases of an extension to the superconformal 
case of the usual invariant cross ratios and a related invariant trace given by 


'^rs,tu 


2 2 
/yt _ ^ ^ ^ 

•^rt ^su 

2 2 
^ru st 


s,tu = I tr (Xf; 


^rt ^st ^su ^ru 


T 


(10.7) 


since it is easy to see, from the dehnitions ( |10.5|) and (|10.6| ) together with (|10.1|) , that 
Ur = Ui 2 , 3 r, Vrs — '^ 12 ,rs- From (|10.7|) it follows that 


'^rs,tu '^sr,ut 


'^sr.tu 


_ _ '^sr,tu 

"^rs^tu ^sr,ut 5 

'^sr^tu 


( 10 . 8 ) 


which may also be derived from the dehnitions in ( lOT ) and ( 10.6|) using the relation 
XsrXr{st)^fs = which follows from ( 2.52 ). 


Restricting to functions of four points the above discussion also suggests, in addition 
to those in (|10.5| ) and ( |10.6|) , introducing an associated set of Grassmann invariants given 
by Qi 2 ,rs, Qi 2 ,rs, r, s > 3 where in general we dehne 


Qrs,tu ^^^r{su) Xr(^st) ^r{st) ^ Qrs,tu 


AiQr(st) ^r(ts) ^r{su) 


(10.9) 


Using the transformation relations in (p.53|) as well as (p.52|) we have 


Qsr,tu Qrs,ut ■ 


( 10 . 10 ) 
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From (10.4) we may show that 


X 2 _ 

■ = (l + Qrs,tt) = 1 + Qrs,tt ^ 


X 


( 10 . 11 ) 


its) 


and, just in (|2.57|) , we may dehne, using (|10.10|) and Qrs,tt = Qrt,ss, 

Jrst — 2 iyQrs,tt Qrs,tt) I 

as an totally antisymmetric invariant depending on Zr, Zg, Zt- 


( 10 . 12 ) 


Other invariants formed from four points Zr, Zg, Zt, z^ should be expressible in gen¬ 
eral in terms of the basis described above. Alternatively the invariants Uj-g^tu, v^g^tu and 
Qrs,tm Qrs,tu obey various relations, besides those given in (|10.8| ) and ( |10.10|) . Using (|10.3| ) 
and (|10.4|) we may obtain 


ZL'i 


s,tr — Qru,ts) 7 '^rs,tu — 1 “h '^rs,tu 


2v. 


rs,tu 5 


(10.13) 


which allows the trace invariants given by (|10.6|) to be expressed in terms of the invariant 
cross ratios as given by ( |10.5|) , and also 

1 + Qrt,su = (1 + Qrs,tu) (l + Qrs,tt) ■ (10.14) 

By combining (|10.13|) with w^g^tu — Wgr^ut: which follows from ( 10.^ ), we may obtain 

(10.15) 


1 4 “ Qst,tu ^ 1 4 “ QrSjtt 

'^tu,rs '^rSjtuZ, ; ^ '^rs,tu' 


1 4“ Qur,ts 


1 4“ Qrs,uu 


which also follows from ( |10.11| ) and (|10.14|) . This results shows how u^g^tu is related to its 
conjugate Uj-g^tu — '^tu,rs- 

The presence of the Grassmann invariants, such as given by ( p.0.9|) , clearly complicates 
the analysis of superconformal N point functions for > 4. For chiral helds the necessary 
additional conditions are more restrictive. As an illustration we consider a 4 point function 
for chiral scalar helds. If we express it in the form 


(<(>1 (^1 + ) </>2 ( ^ 2 +) (/>3 ( ^ 3 +) </>4 ( ^ 4 +) ) 


13293 3 ; 14294 


^' 12 , 34 (^ 1 , ^2, ^3-1-5 ^4+) , (10.16) 


then superconformal invariance, if qi = 3, requires 

-^12,34(^\, ^2, ^4+) = f^(^l-l-) ^^(^1 -)A'i2 , 34 (^ 1 , ^2, Z 4 -I-) . 


(10.17) 


44 





























-f^i 2,34 may be expanded as 


-P' 12 , 34 (^ 1 , ^ 2 , ^ 3+5 ^4+) 


— ^€>1(23) + -^©1(24) + C*© 1(23)©1(24) + -D©l(23)Xl(23)^Xl(24)©l(24) : 


(10.18) 


SO that, if the coefficients A, B, C, D are fnnctions of jnst the two invariants u = 
'^'- 12 , 34 , w — rci 2 , 34 , (|10.16|) and ( p.0.18|) give a generalisation of the result displayed in (|^ ) 
for the 3 point function which has the required superconformal transformation properties 
and further depends manifestly only on Interchanging Z 3 and Z 4 so that in the 

corresponding expression to ( p.0.16|) we have -Fi 2 , 43 (' 2 i, ^ 2 , ^ 4 +, ^ 3 +) it is easy to see that 


-P' 12 , 43 (^ 1 : ^ 2 , ^4+, ^3+) — U '^^"''^P^ 12 , 34 (^ 1 , ^ 2 , ^3+5 ^4+) ■ 


(10.19) 


Writing now 

P^12,43(^15 ^ 2 , ^4+5 ^3+) 

= ^©1(24) + -^©1(23) + ^©1(24)©1(23) + -D0l(24)Xi(24)^Xi(23)0i(23) : 

then this leads to 

A = «-'?!+25, B = u-'^^+^A, C = u-'^^+^C, D = u-'^^+^D. 


( 10 . 20 ) 


( 10 . 21 ) 


In a similar fashion if zi Z 2 then we obtain -P' 21 , 34 (^ 2 , ^ 1 , ^ 3 +, ^ 4 +) which may be ex¬ 
pressed as 


P^ 21 , 34 (^ 2 , ^1, Z 3 +J ^4+) 

= A'02(13) + 5^02(14) + C'^©2(13)©2(14) + -D^©2(13)X2(13)^X2(14) ©2(14) 

where the necessary relations for compatibility are 


( 10 . 22 ) 


A' = Au^^ , B' = Bu ^^+^, C' = , D' = . (10.23) 


Although in the expression given by (|10.16|) with ( |10.18|) only Z 3 _|_, Z 44 . appear further 
conditions are necessary to ensure that the whole result depends only on zi^.^ Z 2 +- These 
may be obtained by considering Z 2 ^ Z 3 applied to (|10.16|) , 

2(gi— 2 ) 

(</>l(^l + )</>2(^2+)</>3(^3+)</>4(^4+)) = - 2q2^^^^2q, -2^ ^2, ^3, Z 4 +) , (10.24) 

^12 ^13 ^14 
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where by using (|10.11J) we have 


E{zi, Z3, 2:4-1-) — (1 + Qi 2 , 33 )^^ ^-^"12,34(^1, ^2, ^3+5 ^4+) — -f^l3,24(^1, Z3, Z2+, Z 4 -I-) + G , 

(10.25) 

so that the dependence on 2 : 2 - is isolated in G. To obtain an explicit form for G we hrst 
rewrite ^ 12,34 as 


-^ 12 , 34 (^ 1 , ^ 2 , ^3+: ^4+) 


^ ©1(32) + (B + Qi2,33-0)01(34) + C 01(32)01(34) 

+ (1 + Qi2,33)-O0i(32)Xi(32)^Xi(34)0i(34) , 


(10.26) 


where 


^ — A B G + vD , C — — ( 2 ,B G O), v — ni 2,34 . (10.27) 


The invariants u,w, on which A,B,C,D depend may also be re-expressed in terms of 
u = ui 3 ^ 2 a-,w = wi 3 , 24 , which depend only on 2 : 2 - 1 -, using ( |10.13|) with (|10.14|) giving 


u = w 


1 + Qi2,43 

1 + Qi2, 


1 


w — u 


33 


(1 + Qi3,42)(1 + Qi2,33) 


(10.28) 


Hence the dependence on Z 2 - in (|10.25|) occurs only in terms involving Qi 2 , 33 , Qi 2 , 43 , Qi 3 , 42 - 
By combining such terms with (|10.26|) in (|10.25|) G may be reduced to the form 


G — (q;iQi 2,43 + <^ 2 ^ 21 , 43 ) 01(32) + (/5iQi2,43 +/52Q21,43)01(34) 
+ 7 T;-^01(23)01(32)01(34) 5 

^1(34) 


(10.29) 


where ai, 0 : 2 , /3i, /I 2,7 are linear in A, B,C,D. In consequence the dependence on Z 2 - may 
be eliminated by imposing the conditions that cti, 0 : 2 ,/5i,/ 32 , 7 each vanish and hence in 


( |10.24|) E 013^24 given by 


-^13,24(^1, Z3, Z2+, 2:4-1-) 

(10.30) 

= v4,©i(32) + 501(34) -|- (701(32)01(34) + -D0i(32)Xi(32)^Xi(34)0i(34) , 

where in the arguments of A,B,C,D u,w ^ w,u. In a similar fashion the necessary 
dependence only on 2 : 1 + may also be ensured. These conditions require relations between 
the functions A, B, G, D but it is clear from the results of the previous section that there 
is at least a single arbitrary f un ction of n, v remaining in the general solution. 
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11. Conclusion 


In the above we have endeavoured to generalise the kinematic analysis in of 
conformal invariance and its implications in quantum held theory in general dimensions on 
hat space to the simplest case of A/" = 1 supersymmetry in four dimensions. In the analysis 
of the two and three point functions of the energy momentu m tensor in four dimensions the 
coefficients which appeared in the two and three point functions (for the latter there are in 
general three parameters which may be connected with the three trivial free conformal held 
theories in four dimensions) can be related to the coefficients which appear in the trace of 
the energy momentum tensor when a conformal held theory is extended to a curved space 
background. Here we describe the connections of the results obtained here with the similar 
parameters which may be dehned when a superconformal theory is extended to a minimal 
AT = 1 supergravity background. 


In this case the theory includes a superheld which contains the metric, such 

that the expectation of the energy momentum tensor may be dehned by 

SW 


{Ta) = 




( 11 . 1 ) 


where W is the connected vacuum functional for the curved background (in our conventions 
the functional integral gives e*^). Assuming the theory is dehned to preserve the usual 
supergravity superspace reparameterisation invariance we may extend the dehnitions in 
( |4.15|) to obtain 


¥ 




( 11 . 2 ) 


where d^zE~^ and dAzj^ifA, d^Z-(p^ are the appropriate invariant integration measures on 
full superspace and its chiral, anti-chiral projections [1^. satisfy supercovariant 

generalisations of (^]^) while T, T are covariantly chiral, anti-chiral scalars formed from 
(T, T are dehned by transformation to a chiral representation when they depend only 
on Z-I-, 2 ;_ respectively). T, T are formed from the supergravity curvatures, the chiral 
superhelds Wap-y— kk(a/ 37)5 ^md their anti-chiral conjugates HA/jy, R, together with 
the real vector superheld Ga, and supercovariant derivatives. The general form for T can 
be written as m 

Sjt^T = c - oG + - 4R)V^R , (11.3) 

with G a topological density whose chiral superspace integral is related to the diherence 
of the Euler and Pontryagin invariants, 

G = - 4i?)(G“G'a + 2RR) , (11.4) 
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and where are supercovariant spinor derivatives. In (|11.3 ) h is arbitrary since it 

may be varied at will by adding a purely local term cx Jd^zE~^ RR to W. The coefficients 
c, a have a non trivial significance in any superconformal theory and for ns, ny free 
superfields, as described by actions ( [4.23|) , ( [I.27|) , we have [j^ 


c = A(3nv- +ns), a= ^{9nv + ns) ■ 


(11.5) 


There is a direct relation between c, a and the parameters A, C specifying the general 
superconformal supercurrent three point function as found in section 7. In principle the 
relation may be found from ( p.l.2|) first by obtaining 


P“('T ■) = -V T 


Tt^lT ■) = ^VT 


( 11 . 6 ) 


and then taking two functional derivatives with respect to H of both sides and re¬ 
stricting to fiat space. This gives contributions to .Di“{TQ,Q,(^i)T^^(^ 2 )T..y..:j,(^ 3 )) and 
Di^(Taa{zi)Aj 3 p{z 2 )A.yA^{z 2 ,)) which are proportional to various derivatives acting on 
— Z 2 )S^{zi — za). With careful regularisation the results from the r.h.s. of (|11.6|) , 
depending on c, a, h may be matched with results arising from explicit calculation using 
the general form (|7.18|) . However such an analysis is not straightforward (an analogous 
investigation of the energy momentum tensor three point function assuming conformal in¬ 
variance was undertaken in [§) although the necessary relations are easy to read off from 
the results for free fields (|11.5| ) and (|0|), (^75|) with (^). This gives 


A = 


8 

Qtt® 


(3c — 5a), 


C = 


Qtt® 


(6c - 7a). 


(11.7) 


As a consistency check we verify the relation between c and the coefficient Ct of the 
supercurrent two point function. For this it is sufficient to restrict to constant rescalings 
when we may take in (|11.2| ) = 1. With /j, an arbitrary renormalisation scale we 

may write 

( 11 . 8 ) 


d 


= jd^z+^^r + ^ 

In this the terms depending on a are topological invariants while h disappears since it is 
the coefficient of terms which are total derivatives. Furthermore the difference between 
the integrals of and is also a topological invariant so that we may 

write from (|11.8|) and (|11.1|) 




[zi)Ai3p{z2)) = 8c 


5H““(^i)5H/3/3(^2) 




(11.9) 


flat space 
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Using, to lowest order in expansion about flat space, SWap^y = this 

may be readily calculated giving 


Mj^{T„i(2i)T®(22)> = icdi^t.Di„ 82 S 0 D^,SHzi - Z2)S^''‘, 


( 11 . 10 ) 


with £ dehned by (|3.45|) . The result (|11.10|) may be compared with that obtained from 
the regularised version of (|3.44|) using, with the dehnition in (|3.46|) , 


(i—lZ 


..-(is?)-"*--”' 


( 11 . 11 ) 


It is then evident that we must have 


Ct = -yC, 


TT^ 


( 11 . 12 ) 


which is compatible with the Ward identity result ([7.4ti|) and (p.l.7|). 


12. Note Added 


A further consistency check may be found by reducing the results (|7.18D and (|7.22| ) 
to their 6, 6 independent forms. With T°‘{z) \ = the i?-symmetry current, we have 

{R<^{xy)R\x2)R^{x^)) = A ^ ^^^2.1) 

(a^i3^a:23^) (W 32 ) 


where I\{x) = 5% — 2x°‘Xhlx^ is the reduction of the inversion tensor given by ([7.12|) . 
Using the standard form for the anomaly, such as obtained in with symmetrisation and 
transforming to Minkowski space, 

93c(i?“(xi)i?^(x2)i?''(x3)) = -A i7r^9ic92d(e“''^'^5^(xi3)5‘^(x23)) ■ (12.2) 


From (111.61) , for a general background, iVa{T°') = h{T>^T — V‘^T) which for flat space 


becomes 0 (adapting to the supergravity conventions of [jT^), with Ga{z)\ = ^Aa{x), 


1 


= ^(3c - 5a) , 


Fab = dn Ah - dhAa . 


a^h — 


(12.3) 


Since (|11.1|) now reduces to (i?“) = 5W/5Aa the compatibility of ( tl2.2|) and (|12.3|) gives 
the hrst of eqs. (|11.7|) . 
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Appendix A. 


We here describe how the assumed transformation rule (|7.39|) for the supercurrent is 
realised for free helds. For the scalar case with the supercurrent given by (|4.26|) and the 
elementary chiral transforming as in (|4.24|) with g = g = 1 we have 


^h,h^aa — ~ h°‘)da + + XaD^ + h ^h))"^aa + — Tq,^ a 

- XJT/3^ + + (h“ - 

- Da{h°- - h“) \da(j)D^^ + \Da4>da^ 

+ zdad(^“ - ^“) - f[iAa,^d](h^^ ^i(j)dl3^^ 

+ {idaaX^ + S/D^a-^) + {id^aX^ - 

+ f9ad(o-^ - d;,) I#, (A.l) 


where the extra terms depend only on /i — h as a consequence of 
= DaX^ + - 5oP{2af^ - 

= XiD^D^ih^f^ - - Sj^^iiD^Dp + 2D^D^){hX^ - , 

a = DaX^ + a + ^^d(2cr^ ~ ^h) 

= - £^“) - 5^^^i{DpD^ + 2D^Dp){hX^ - h^T'), 

(A.2) 

- + ie^pD‘^D^){W^ - £A7) , 

ido.6.X^ - 

- AjA - ie^^D^D^){hX^ - E^t) , 

daaicTh -^h) = is {DaD^{DpDp + 2DpDp) + SDpD^DpD^) (E^^ - E^^). 


For the case of free vector helds we may use (|4.32D and (|4.3C1|) to easily obtain 


^h,h^aa — ~ A h°‘)da + A“Dq, + X^D^ + 3((T^ + Cr^))TQ,d + ~ Tq,^ a 

-(h“-E“)W"a Wd 

+ \ie^pD‘^{Wp{hi^f^ - E^^))Wd + \ie^pWo,D^{{hi^f^ - h^^)Wp) . (A.3) 


The extra terms in (A-l|) and ( A-3|) may both be decomposed into quasi-primary operators 
and their derivatives. The crucial difference is that in the case of chiral superhelds this 
includes the supercurrent itself. In this case they therefore contribute to the Ward identity 
for the supercurrent three point function, giving a non zero Xaa,f3^"^~* (E.22|) whereas 

such terms were absent in the vector case when the parameters A, C satished (|8.5D. 
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